lterative methods for symmetric positive matrices

Solving the linear system Az = b is the same as minimizing the function

1
o(x) = §xTAa: — z1b; Vo(x) = Ax —b.
All iterative methods are of the form z*+1) = £(®) 4 o, p*). The optimum « on

the line () + ap®) | for a given p*), is given by

pB)T (k)

R CITCk r) =b— Az gD = 2 (M) 4 g p(F)
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The p*) direction satisfies pt®)Tr(k+1) = 0. Choosing p® fixes the method.
Gradient method: p*) =r*) = _V¢(2*)). Converges for any 2(?) and

Ky(A) -1 1/2
el < B2 )+1H€(MHA, e® =2® — g, lzfla = («TA2)"

Convergence is very slow for Ko(A) > 1.

If p(¥) = 0 then z(*) is the exact solution.



Conjugate gradient method

We say z*t1) is optimal with respect to a direction p if
¢(x(k+1)) < qb(:z:(kﬂ) + Ap), VA & pl k) —
The conjugate gradient method is optimal with respect all previous directions:
pW T =0 j=0,1,...,k

The directions are chosen as
B p(k)TA r(k+1)
Br = pRT ApR)

pED) — p (kD) _ g (k)

The method produces the exact solution in at most n steps, and

k _
[ s < —2_|je®],, o= Y2 ]

= V(A 1

If p(¥) = 0 then z(®) is the exact solution.




Krylov methods

Given A € R"*™ and v € R™ we define the m-dimensional Krylov subspace
K (A,v) = (v, Av, ..., A" 1),
An orthonormal basis of I, (A, v) can be found by the Gram-Schmidt method:

Wk

L k=1:m
lwe |2

k
wg = Avg — E hikvi, Vg1 =

1=1

v
V1 = 71—
] 5

where hij, = v} Avg, i =1:k, hgy1x = ||wg|2- The method can be written
Vk — [Ull c o |Uk], AVm = m—l—le — VmHm -+ hm—l—l,mvm—l—lefl .

As VIV, = Iy, VI AV, = H,,, and VI AV, = H,,,. H,,, € R™*™ and H,, €
R(m+1)Xm are upper Hessenberg matrices with elements hij, © < j+1 or zero.
Instead of solving Az = b in R”, we put 2™ — 29 ¢ KC,,(A4, r(®)), where

r(0 =p — Az is the initial residual. (™ = 20 + V. 2™ and we look for the

iterates z(™ € R™ m =1,2,3,...



Strategies for finding 2(™): FOM and GMRES

FOM — Full Orthogonalization Method
2(™) ig fixed by the condition 7™ L K,,(A, (D). In terms of z(™),

Hyp 2™ = ||r(9|5eq

that can be solved by a QR decomposition of H,,.
GMRES — Generalized Minimum RESidual

In this method, z("™) is fixed by the condition min ||7(™)||5. In terms of z("),

min [|r0™{|y = min || [[r©||ze; — Hp 2™,

The QR decomposition of H,, = Q;Rm, Qm € RMTDX(m+1) R c Rlm+1)xm
reduces the problem to the solution of the linear system

) R™ ) -
Rz = o Ry = A I RO
0 (fm)m+1

and [[r™ |2 = |(fi)m-+1].



Generalized eigenvalue problem: transformations

Ar=ABx = T(A,B)x =0z A A o
— A
Shift-invert: Ts; = (A—ocB)"'B
1 1
A= 0 to, 0= A—oO
A A
Cayley: Tc = (A—o0B) (A - 7B) O
T o — A
\ T — 00 g — A—T
1-6" A—o0

Power method for T'x = Oz produces the eigenvalues with largest |0|. In the

original problem Ax = ABx we obtain the eigenvalues closest to o.

0



Generalized eigenvalue problem: Krylov method

In order to solve Tz = Oz, with T' = P~1(QQ, two embedded Krylov iterations are

needed. The first Krylov space is
Ko (T,v) = (v,Tv,..., T™ tv).

Given v, = T*v, in order to obtain Vpr1 = Tvr, = P71Quy, we need to solve the

linear system Puviyi1 = Qug, in
Kip(P,7) = (r,Pr,...,P* 1),
We solve for eval and evec of T in I, (T, v), increasing k to check convergence. If
1TQ,, =Q,.H,, + wmefl, and H,,u = 0u,

then u© = Q,u satisfies Tu = 6u.

Theorem. If the eigenvalues of T satisty

| = |p2l = = | > (g > - -

then ]197;—,uz-|:()("uk+1‘—|—67;> , lim ¢ =0.

ILLk m—0o0



