
Iterative methods for symmetric positive matrices

Solving the linear system Ax = b is the same as minimizing the function

φ(x) =
1

2
xTAx− xT b; ∇φ(x) = Ax− b.

All iterative methods are of the form x(k+1) = x(k) + αkp
(k). The optimum α on

the line x(k) + αp(k), for a given p(k), is given by

αk =
p(k)T r(k)

p(k)TAp(k)
, r(k) = b−Ax(k), x(k+1) = x(k) + αkp

(k)

The p(k) direction satisfies p(k)T r(k+1) = 0. Choosing p(k) fixes the method.

Gradient method: p(k) = r(k) = −∇φ(x(k)). Converges for any x(0) and

‖e(k+1)‖A ≤
K2(A)− 1

K2(A) + 1
‖e(k)‖A, e(k) = x(k) − x, ‖x‖A =

(

xTAx
)1/2

.

Convergence is very slow for K2(A) ≫ 1.

If p(k) = 0 then x(k) is the exact solution.



Conjugate gradient method

We say x(k+1) is optimal with respect to a direction p if

φ(x(k+1)) ≤ φ(x(k+1) + λp), ∀λ ⇔ pT r(k+1) = 0.

The conjugate gradient method is optimal with respect all previous directions:

p(j)T r(k+1) = 0, j = 0, 1, . . . , k

The directions are chosen as

p(k+1) = r(k+1) − βkp
(k), βk =

p(k)TAr(k+1)

p(k)TAp(k)
.

The method produces the exact solution in at most n steps, and

‖e(k)‖A ≤
2ck

1 + c2k
‖e(0)‖A, c =

√

K2(A)− 1
√

K2(A) + 1
.

If p(k) = 0 then x(k) is the exact solution.



Krylov methods

Given A ∈ R
n×n and v ∈ R

n we define the m-dimensional Krylov subspace

Km(A, v) = 〈v, Av, . . . , Am−1v〉.

An orthonormal basis of Km(A, v) can be found by the Gram-Schmidt method:

v1 =
v

‖v‖ 2

, wk = Avk −
k

∑

i=1

hikvi, vk+1 =
wk

‖wk‖2
, k = 1 : m

where hik = vTi Avk, i = 1 : k, hk+1,k = ‖wk‖2. The method can be written

Vk = [v1| . . . |vk], AVm = Vm+1Ĥm = VmHm + hm+1,mvm+1e
T
m .

As V T
k Vk = Ik, V

T
m+1AVm = Ĥm and V T

mAVm = Hm. Hm ∈ R
m×m and Ĥm ∈

R
(m+1)×m are upper Hessenberg matrices with elements hij , i ≤ j + 1 or zero.

Instead of solving Ax = b in R
n, we put x(m) − x(0) ∈ Km(A, r(0)), where

r(0) = b−Ax(0) is the initial residual. x(m) = x(0) + Vmz(m), and we look for the

iterates z(m) ∈ R
m, m = 1, 2, 3, . . .



Strategies for finding z
(m): FOM and GMRES

FOM – Full Orthogonalization Method

z(m) is fixed by the condition r(m) ⊥ Km(A, r(0)). In terms of z(m),

Hmz(m) = ‖r(0)‖2e1 ,

that can be solved by a QR decomposition of Hm.

GMRES – Generalized Minimum RESidual

In this method, z(m) is fixed by the condition min ‖r(m)‖2. In terms of z(m),

min
z(m)

‖r(m)‖2 = min
z(m)

∥

∥ ‖r(0)‖2e1 − Ĥmz(m)
∥

∥

2
.

The QR decomposition of Ĥm = QmR̃m, Qm ∈ R
(m+1)×(m+1), R̃m ∈ R

(m+1)×m,

reduces the problem to the solution of the linear system

Rmz(m) = fm, R̃m =





Rm

0



 , f̃m =





fm

(f̃m)m+1



 = ‖r(0)‖2Q
T
me1 .

and ‖r(m)‖2 = |(f̃m)m+1|.



Generalized eigenvalue problem: transformations

Ax = λBx ⇒ T (A,B)x = θx

Shift-invert: TSI = (A− σB)−1B

λ =
1

θ
+ σ, θ =

1

λ− σ

Cayley: TC = (A− σB)−1(A− τB)

λ =
τ − σθ

1− θ
, θ =

λ− τ

λ− σ

λ

σ

SI
θ

O

C
θ

O

λ

στ

Power method for Tx = θx produces the eigenvalues with largest |θ|. In the

original problem Ax = λBx we obtain the eigenvalues closest to σ.



Generalized eigenvalue problem: Krylov method

In order to solve Tx = θx, with T = P−1Q, two embedded Krylov iterations are

needed. The first Krylov space is

Km(T, v) = 〈v, Tv, . . . , Tm−1v〉.

Given vk = T kv, in order to obtain vk+1 = Tvk = P−1Qvk we need to solve the

linear system Pvk+1 = Qvk, in

Kk(P, r) = 〈r, Pr, . . . , P k−1r〉.

We solve for eval and evec of T in Km(T, v), increasing k to check convergence. If

TQm = QmHm + wmeTm, and Hmu = θu,

then ũ = Qmu satisfies T ũ ≈ θũ.

Theorem. If the eigenvalues of T satisfy

|µ1| ≥ |µ2| ≥ . . . ≥ |µk| > |µk+1| ≥ . . .

then |θi − µi| = 0

(

∣

∣

∣

µk+1

µk

∣

∣

∣
+ ǫi

)m

, lim
m→∞

ǫi = 0 .


