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ABSTRACT

The flow in a cylinder engenderedby the differentialrotationof the upperandlower boundingdisks
is calledvon Kármánflow. Like Taylor-Couetteflow, this flow hasthreenon-dimensionalparameters,
which canbe taken to be an aspectratio, an angularvelocity ratio, anda Reynoldsnumber. Unlike
Taylor-Couetteflow, however, only a few parametercombinationshave beenstudied,e.g.numerically
by Gelfgatet al. [1] andLopezet al. [2] andexperimentallyby Schoveiler et al. [3] andGauthieret
al. [4]; thethree-dimensionalpatternsandtransitionsremainunexploredfor mostparametervalues.We
have carriedout a detailedstudyof thecasein which thetwo disksrotatein equalandoppositedirec-
tions.This is theonly configurationof von Kármánflow which has

�������
symmetry:theconfiguration

remainsinvariantunderrotations 	�
 in � andalsoundercombinedreflection �� in � and � (equiv-
alentto rotationby � aboutthe � axis).The

�������
symmetryhasimportantconsequences,especially

whenmodeswith azimuthalwavenumbers����� and ��� � compete,which is the casewhenthe
height-to-radiusratio � of thecylinder is closeto 2, thegeometrywhich we have studied.In this case,
the normalform analysisby Armbrusteret al. [5] predictsthe existencenot only of stationarystates
with wavenumbers����� and ��� � , but alsoof traveling andmodulatingwaves,andof heteroclinic
cycles.A schematicbifurcationdiagramis shown in figure1. Theeigenvectorsleadingto the �����
and ��� � steadystatesareshown in figure2.
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Figure1: Schematicbifurcationdiagramasa function of �� . Stablesolutionsareindicatedby solid
lines,unstableonesby dashedlinesandshadedlinesdenoteattractingheterocliniccycles.Dot-dashed
lines indicatebrancheswhich we have not computed.Thresholdsareindicatedby dots: ��! "�$#&%(' ,
��!)+*,%�-.� , ��0/.12*3%4� � , ��  )5*,%4�!6 , ��  1879�3% ��:<; # , ��!7>=�?@�3% ��:<; % , ��  BA ) *3%(C � .



Figure2: Verticalvelocity contoursat �D�E�GFIH (top), �5�J- (middle),and �5�$KL�MFIH (bottom)of the
eigenvectors(a) ���J� at ����N#OCOC and(b) ��� � at ����3%4�0- .

Themostexotic consequenceof the1:2 modeinteractionis theexistenceof heterocliniccyclesover a
rangeof Reynoldsnumberandwhichconnecttwo ��� � statesdifferingby rotationby �PF � . Thecycles
which we observe numericallyhave a long but finite period,andhencearetermednearlyheteroclinic.
Figure3 illustrates.thesequenceof flowsoccurringduringsuchacycle.Theverticalvelocitytimeseries
plottedin figure4 show that thecycle consistsof two long plateaus,punctuatedby two rapidchanges.
We have also also observed nearly heterocliniccycles containingfour plateaus,but not the chaotic
cyclesseenby Mercaderetal. [6]. Thecircumstancesunderwhich thesedifferenttypesof cyclesoccur
areatpresentunknown.

We have proposeda physicalmechanismfor theprimary instabilitiestowardsthe �Q��� and �R� �
states.Theaxisymmetricbasicstatebetweentwo counter-rotatingdiskscontainsa narrow shearlayer
at mid-heightover which theazimuthalvelocity variesgreatlyandwhich dominatesthedynamics[2].
We mayhypothesizethat the instability is a generalizationto cylindrical profiles SO
 � � � of theKelvin-
Helmholtzinstability, assuggestedby theresemblancebetweenthevorticesin theeigenvectorsof figure
2 to the classiccat’s-eyes form. A quantitative analysisagreesfairly well with predictionsof critical
wavenumbersandReynoldsnumbersfor theKelvin-Helmholtzinstability.

Finally, we have calculatedthelinearstability of counter-rotatingvon Kármánflow for aspectratios �
rangingbetween0.5and3,andobservedthatthecritical wavenumberobeys �UTWVJ�YX[Z � F&�]\ ; seefigure
5. This concordswith theideathattheinstability is localizedin theshearlayer, which itself occupiesa
constantproportionof theheight.
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Figure3: Verticalvelocity contoursat �_�`- for a heterocliniccycle at ��a�`%(#OC . This cycle connects
the two �b� � states(a) and (c). Intermediatestates,dominatedby �c�d� andother odd Fourier
components,areshown in (b� , b� , b̂ ) and(d � , d� , d̂ ).

-0.04

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

0.04

0 2000 4000 6000 8000 10000

Time

a

b

c

d

w

Figure4: Velocity e � �fF �Yg - g - � duringaheterocliniccycleat ����3%(#OC .
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Figure5: Left: critical Reynoldsnumber�� T asafunctionof � realisedfor differentcritical wavenum-
bers: �h�i� �kjl� , �h� �m�on&� , �h�p# �rqs� , �h��% �rt�� . Right: critical wavenumber�UT ( X ) asa
functionof �fF&� , with theindicative dashedline

�Y;u� F&� .
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