Heteroclinic cyclesand Kelvin-Helmholtz instability in the flow between
exactly counter-rotating disks
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ABSTRACT

Theflow in a cylinder engenderedby the differential rotationof the upperandlower boundingdisks
is calledvon Karmanflow. Like TaylorCouetteflow, this flow hasthreenon-dimensionaparameters,
which canbe taken to be an aspectratio, an angularvelocity ratio, anda Reynolds number Unlike
Taylor-Couetteflow, however, only afew parametecombinationshave beenstudied,e.g.numerically
by Gelfgatet al. [1] andLopezet al. [2] andexperimentallyby Schoveiler et al. [3] and Gauthieret
al. [4]; thethree-dimensionglatternsaandtransitiongemainunexploredfor mostparametewalues We
have carriedout a detailedstudyof the casein which thetwo disksrotatein equalandoppositedirec-
tions. This is the only configurationof von Karmanflow which hasO(2) symmetry:the configuration
remainsinvariantunderrotationsSy in § andalsoundercombinedreflectionR; in 8 and z (equv-
alentto rotationby 7 aboutthe z axis). The O(2) symmetryhasimportantconsequencegspecially
whenmodeswith azimuthalwavenumbergn = 1 andm = 2 competewhich is the casewhenthe
height-to-radiusatio I" of thecylinder s closeto 2, the geometrywhich we have studied.In this case,
the normalform analysisby Armbrusteret al. [5] predictsthe existencenot only of stationarystates
with wavenumbersn = 1 andm = 2, but alsoof traveling andmodulatingwaves,andof heteroclinic
cycles.A schematidifurcationdiagramis shavn in figure 1. The eigervectorsleadingto them = 1
andm = 2 steadystatesareshavn in figure 2.
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Figure 1: Schematidifurcationdiagramasa function of Re. Stablesolutionsareindicatedby solid
lines, unstableonesby dashedinesandshadedines denoteattractingheterocliniccycles.Dot-dashed
lines indicatebranchesvhich we have not computed-Thresholdsareindicatedby dots: Reyr = 349,
Rep ~ 401, ReTw ~ 412, Renyp =~ 418, Reywa = 427.3, Repet = 427.4, Reypp ~ 452.



Figure2: Vertical velocity contoursat z = T'/6 (top), z = 0 (middle),andz = —T'/6 (bottom)of the
eigevectors(a)m = 1 at Re = 355 and(b) m = 2 at Re = 410.

Themostexotic consequencef the 1:2 modeinteractionis the existenceof heterocliniccyclesover a

rangeof Reynoldsnumberandwhich connectwo m = 2 stategliffering by rotationby 7 /2. Thecycles

which we obsere numericallyhave along but finite period,andhencearetermednearly heteroclinic.
Figure3illustratesthesequencef flows occurringduringsuchacycle. Theverticalvelocity timeseries
plottedin figure 4 shaw thatthe cycle consistsf two long plateauspunctuatedy two rapid changes.
We have also also obsered nearly heterocliniccycles containingfour plateausbut not the chaotic
cyclesseerby Mercadetetal. [6]. The circumstanceanderwhich thesedifferenttypesof cyclesoccur

areat presenunknawn.

We have proposedh physicalmechanisnfor the primaryinstabilitiestowardsthem = 1 andm = 2
states.The axisymmetrichasicstatebetweenwo countefrotating diskscontainsa narrav shearayer
at mid-heightover which the azimuthalvelocity variesgreatlyandwhich dominateghe dynamicg2].
We may hypothesizeéhatthe instability is a generalizatiorto cylindrical profilesvy(z) of the Kelvin-
Helmholtzinstability, assuggestetly theresemblancbetweerthevorticesin theeigemwectorsof figure
2 to the classiccat's-eyesform. A quantitatve analysisagreedairly well with predictionsof critical
wavenumberandReynoldsnumberdor the Kelvin-Helmholtzinstability:

Finally, we have calculatedhe linear stability of countefrotatingvon Karmanflow for aspectatiosT"
rangingbetweerD.5and3, andobseredthatthecritical wavenumbeobe/sme ~ 14 [2/T; seefigure
5. This concordswith theideathattheinstability is localizedin the sheadayer, which itself occupiesa
constanproportionof the height.
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Figure3: Verticalvelocity contoursat z = 0 for a heterocliniccycle at Re = 435. This cycle connects
thetwo m = 2 states(a) and(c). Intermediatestatesdominatedby m = 1 andotherodd Fourier
componentsareshavn in (by, by, bg) and(d;, ds, d3).
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Figure4: Velocity w(1/2,0,0) duringaheterocliniccycle at Re = 435.
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Figure5: Left: critical ReynoldsnumberRec asafunctionof I realisedfor differentcritical wavenum-
berssm =1 (x),m =2 (x), m = 3 (O), m = 4 (M). Right: critical wavenumberm¢ (+) asa
functionof 1/T", with theindicatve dashedine 2.2/T".
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