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ABSTRACT

Even thoughthe studyof Rayleigh-B́enardconvectionhaslastednearlya century, thevariety of pat-
ternsanddynamicalbehavior that it candisplaycontinuesto astonishresearchers[1,2]. Oneexample
is convection in a cylindrical container, which can take the form of concentricrolls or elsea non-
axisymmetricform asthe temperaturedifference,measuredby theRayleighnumber

���
is increased.

The linearanalysisof thepatternat thresholdwascarriedout 20 yearsagoby Buell & Catton[3] for
a rangeof valuesof theaspectratio ��� radius/height.Thesecondaryflows have beenstudiedduring
thelast10years,e.g. by Wanschuraetal. [4], Touihri etal. [5], andHof etal. [6] for severalparameter
combinationsof � andthePrandtlnumber�
	 .
Wanschuraet al. [4] determinednumericallythat for ���������� , ��	��� , theaxisymmetricconvective
flow thatwasfirst produceduponincreasingtheRayleighnumberlost stability via a secondaryHopf
bifurcation to eigenvectorswith azimuthalwavenumber� ��� . A Hopf bifurcaion in the presence
of ������� symmetry, that is in a circle or cylinder in which no phaseor directionis preferred,leadsto
competitionbetweenstandingandtraveling waves.Our goalhasbeento studythenonlinearpatterns
producedby theHopf bifurcation.

Thesystemis governedby theNavier-StokesandBoussinesqequations:�! �#"%$ �  '&)( �  � * (,+ $ ��	�-  $ ��� ��	/.#0�1 (1)� .�#" $  '&2( . � 3 1 $ -4. (2)(5&2 � 6 (3)

whereu is thevelocity field and . is thedifferencebetweenthe temperaturefield andtheconductive
solution.Theboundaryconditionsare:
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Thefieldsu and . arerepresentedusingChebyshev polynomialsin 	 andin B andFourierseriesin K :
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The equationsare integratedby a classicalpseudospectralmethod,in which the nonlineartermsare
calculatedin physicalspaceandintegratedvia the Adams-Bashforthformula,while the linear terms
arecalculatedin spectralspaceand integratedvia the Crank-Nicolsonformula. The numberof grid



pointsor modesusedis f;g
�h�>i , f b �kj�6 , fA1;�lmj . An influencematrix methodis usedto impose
incompressibility[7].

For ���n������ and ��	o�� , theconductive solutionundergoesa bifurcationtowardssteadyconvection
in theform of axisymmetricrolls at

��� �5mp�6>6 . Then,at
���oq �>r�6>6>6 , this convective stateundergoes

in turnaHopf bifurcation;thecorrespondingeigenvectorshave azimuthalwavenumber�s�J� .
At thelinearstage,thetemporalevolution of the �s�J� modeis describedby

�ut L t �M	[NOB��_^ ` VvbxwPy{z $ � w L w �M	)NOB��_^ ` Vcb t y{z $ �]|t L |t �M	[NOB��_^ w ` Vcb t y�z $ �u| w L |w �M	[NOB��_^ w ` VvbxwPy{z (8)

where } indicatesrotationin a clockwiseor counter-clockwisedirection,
L>~

aretwo complex eigen-
vectors,and

� ~
describestheiramplitudesandphases,whicharearbitraryat thelinearstage,giving an

evolution in a four-dimensionalspace.

Theadditionof nonlineartermsrestrictsthenumberof solutionsto three:

L t � L t �M	[NOB��_^ ` VcbxwPy�z $ L |t �M	[NOB��_^ w ` Vcb t y�z (9)L w � L w �M	[NOB��_^ ` Vcb t y�z $ L |w �M	[NOB��_^ w ` VcbxwPy�z (10)L>� � L t $ L w (11)

Thesearecounter-clockwisetraveling waves
L t

, clockwisetraveling waves
L w , andstandingwaves

L>�
whichareanexactsuperpositionof thetwo travelingwavesolutions.Of thesepossiblesolutions,either
standingwavesarestable(figure1, left), or the traveling wave solutionsarestable(figure1, right), or
nonearestable[8,9].

Figure1: Phasediagramillustratingstability of standingwaves(left) or of traveling waves(right).

We observe, first, standingwaves,illustratedby figures2 and3. After a sufficiently long integration
time haselapsed,thestandingwavesarereplacedby traveling waves,illustratedby 4 and5. All of the
stateshaveanazimuthalspatialperiodof ����H�� . In addition,thestandingwaveshavesix axesreflection
symmetry, while thissymmetryis brokenfor thetraveling waves.

The explanationof this behavior is that the standingwaves are stablewhen reflectionsymmetryis
imposedandweaklyunstableotherwise.Sincetheinitial conditionsarereflectionsymmetric,theflow
evolvesrapidly towardsstandingwaves,andthenslowly towardsthetraveling waves,whicharestable.
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Figure2: Standingwaves: temperatureasa function of anglefor fixed heightandradiusat different
instantsin time.

Figure3: Evolution of thetemperatureduringaperiodof standingwaves.
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Figure4: Travelingwaves:temperatureasa functionof angle.

Figure5: Evolution of thetemperaturefield duringthetraveling waves.
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