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Several approaches to the relativistic dynamics of directly interacting particles are
compared. The equivalence between constrained Hamiltonian relativistic systems and a priori
Hamiltonian predictive ones is completely proved. Coordinate transformations are obtained to
express these systems in the framework of noncovariant predictive mechanics. The world line
condition for constrained Hamiltonian relativistic systems is analyzed and is proved to be also
necessary in the predictive Hamiltonian framework.

1. INTRODUCTION

In the study of relativistic N particle systems with direct interaction, several
methods have been proposed and throughly established by the corresponding streams
of papers issued in the literature. The common aim of most of these approaches is to
carry out the so-called Dirac program [1]; i.e., to construct a symplectic realization
of the Poinvaré group B on a N X d dimensional phase space I. The scope of the
present work will be restricted to spinless particles, so that we shall have d = 6.

Among the different approaches appearing up to the present time we shall consider
and compare here with some detail the following ones:

(a) Predictive relativistic mechanics in the manifestly predictive formalism {2|
(PRM-3).

(b) The manifestly covariant formulation of the predicuve relativistic
mechanics [3] (PRM-4), restricting our study to the a priori Hamiltonian predictive
systems 4] (HPS).

(¢) The constrained Hamiltonian systems (CHS) as have been used by
Rohrlich and others [5].

Another approach which must be mentioned here is the singular Lagrangian
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formalism [24|. However, we do not consider it in the present work because the
equivalence between this approach and both formalisms of predictive relativistic
mechanics and constrained Hamiltonian dynamics has been already established
elsewhere [25].

In Section 2 we present the main ideas and the general features of each framework.
After that, in Section 3, the CHS formalism is developed in detail using the language
of differential geometry. A derivation of the world line condition is presented there
making clear the two different actions of the Poincaré group on both the phase space
of our dynamical system and the Minkowsky space where the world lines of particles
occur.

In Section 4 the HPS formalism is analized in detail and a kind of world line
condition is proved to be necessary in this framework as well. In Section 5, the
equivalence of CHS and HPS formalisms is proved, meaning that the same
mathematical objects can be introduced and worked either in one framework or the
other, yielding, at the end, the same world lines for the individual particles.

In Section 6 (resp. 7) we show how a constrained relativistic Hamiltonian system
(resp. a Hamiltonian predictive system) can be formulated in terms of noncovariant
predictive relativistic mechanics.

Finally, we want to warn the reader against the danger of assigning the results
presented here to a range of validity beyond the purely local level (i.e.. some open
neighborhood of each point in the respective domain). This limitation is due to the
repeated use of the implicit function theorem all along the present paper. Although we
have emphasized these limitations at some theorems, we have renounced to keep the
mathematical rigour in this point (i.e., to formulate local statements for results which
only hold locaily) for simplicity and to not puzzler the reader with too many
unessential details which would make the reading much harder and hide the intuitive
geometrical ideas underlying the main stream of reasoning in the paper.

Mention should also be made here of a related previous work Lusanna |26], where
a review of several approaches to relativistic dynamics with direct interaction is
presented.

2. GENERAL FEATURES OF THE FRAMEWORKS

2a. PRM-3

This approach starts from the following two premises:

(i) The equations of motion are “like Newton™: The phase is TR** labeled by
the positions x/ and velocities v}, of the particles and, in any inertial frame, the
motion is described by a second-order differential system

dx, _ i dv)
e " dr

pa(xh ool 0 abc =1, Nyiy g, L. =1,2,3. (2.1)

We shall assume also that the accelerations u! depend on the masses of the
particles (m,...., m,).
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The general solution of (2.1) will be written as y'’ (¢, x}, v!), fulfilling the initial
conditions
v

iO’x/" Iy i,
Wa( b vc) xa ot

(0, x}, v0) = vj,. (2.2)

(ii) The equations of motion (2.1) hold in any inertial frame and the standard
realization of B on M, transforms the N world lines of the particles seen from an
initial frame into the world lines observed from another.

This means that, if

Vo= {x0(t) = (8, wi(t, X0, vy)), t € RY, a=1..N,

is the world line of particle (a) seen by a given inertial observer & when the system
starts from the initial state (x,, v,) € TR*", then for another observer &’ related to
by the Poincaré transformation (L“,A*)E P, another set of initial data
(x, vg) € TR must exist such that the world lines

Vo= (XA = (w0 X vt ERY a= LN,

coincide with the former ones: y,=1y,, a = 1,..., N.

Differentiating in respect to the parameters of the Poincaré group in the
neighbourhood of the identity, we obtain that the relativistic invariance of the world
lines is equivalent to the three conditions

(i) the acceleration functions z! do not depend on ¢ explicitely,

(ii) they are also invariant under space translations and behave like
spacevectors under rotations, and

(iii) satisfy the so called Currie-Hill equations [2]:

N i i
v , u . < 4 ou
\ J(k Lk a J(vk Lk ik _ siky SHa
= vh(xy — Xxg) oxl + {uplxy — xg) + vy, — %) 20l
= 2}k + ol k. (2.3)
Furthermore, conditions (ii) and (iii) are satisfied if, and only if, the vector fields
N -
s .0 ; 14
P,= NV Iyl L(x, 0)—=1, 2.4
o= X g e 5 (2.42)
oo
P.=-—© _ 2.4
i =~ (2.4b)
N « a
i k
JI_ agl ellk Xa ax:'l + Vg av:‘l s (24C)
K—\A; X vii+(v ol + x4l — 69 4 (2.4d)
J = aj¥a 3xf, aj%a ajiMa J 302 .

generate a realization of P on TRV,
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Up to this point, one step in the Dirac program has been attained but we have still
to define a symplectic form on TR, ie., a nonsingular Poisson bracket
w € A*(TR*), invariant under the realization of . This is equivalent to

2A)w =0, I=1..10, (2.5)

where £ is the Lie derivative and A, means anyone of the 10 vector fields (2.4).

Thanks to the Poincaré lemma [6] and to the fact that w will be a closed form
(dw = 0), Egs. (2.5) will guarantee the existence, at least locally, of 10 generating
functions A,, I = 1...., 10, such that

dA,=—i(A)w  or  A,=i4,, |,

where i( ) is the interior product and {, }, the Poisson bracket associated to w.
Moreover, in the spaial case of the Poincaré group we shall be able to choose [7]
the generating functions A, in such a way that

{A,,4,} =ChA,, ILJ,K=1...10,
where CF, are the structure constants of P in the corresponding parametrization
[AI’ AJ] = C:\JAI\"

At this point the so called no-interaction theorems |[8| state that, unless the
accelerations u, vanish, there is no simplectic form w such that:

(i) it is invariant under the ten vector fields (2.4) and

(i) the coordinates x, are canonical ones referred to w.

Only free-particle systems can therefore be fitted in this framework if both
conditions (i) and (ii) are required. This obstruction is commonly circumvented by
dispensing condition (ii). Then the problem is that too many symplectic forms are
permited by only the invariance condition (i); however, each physical problem
suggests a suitable set of boundary conditions which selects a smaller family of
solutions and, in some specially interesting cases, a unique result is obtained [9].

Summarizing, a PRM-3 is given by a symplectic realizations of ¥ on the
symplectic manifold (TR*Y, w) such that in a given coordinate frame (x,v) the
infinitesimal generators of B have the simple shape (2.4).

2b. PRM-4

In this approach the phase space is TMY labelled by (x*, z}), where the Poincaré
group acts in the standard way. Hence the infinitesimal generators are

N
P,=—\ 2z
am1 0xg
(2.6)
7 d 4 17 0
——Xgy Tt T Mgy
LU oxy T oxs T ™ an) T ont

uv

N
I,=Y Ix

a



118 IRANZO ET AL.

where greek indices run from O to 3 and are raised and lowered by the Minkowsky
metrics 7, = (—+++).

It is then assumed as the fundamental hypothesis that for any initial state of the
system, there exists one world line in M, for each particle.

Starting from a given set of initial data z = (x*, n;) € TMY, the world line of (a) is
given by g4 (7,,z), where the parameter t, is the proper time along the world line of
the particle (a) divided by its mass m, and the initial condition ¢%(0,z)=x* is
assumed. Furthermore, the four-velocity of (a) evolves according to (dg4/ot )z, z)
with the initial condition

o0y
or

(0,z)=n%.

a
a

Also, since 7, is an affine parameter and thanks to the initial condition

(tgr2)=mhm,, =—m.. (2.7)

g 0Py
ér, or

a

Therefore, for each z € TMY we have a world submanifold

S(Z) = {P(T300es Tys 2), (T 4eren Ty} E RV,
where

o0}, :
DTy gy Ty 2) = ((pg(ra,z),% (7p, z)) € ™™}, (2.8)
b

That is to say, @(z,...., Ty; z) is the state of the system after having moved each
particle (a) an amount 7, along its own world line.

The assumed existence of well-behaved world lines implies that, if we take
&(1,,...; ) as new initial data, we must obtain the same world manifold

S(z) = S(D(1) ey Ty 1 2))
with the labeling shifted according to (z,...., 1): that is,
D] s Tas PAT e Tp 3 2) = DT+ T, Ty + Ths 2) (2.9)

This is equivalent to require the map @: R x TM%Y —» TMY to define a realization
of the abelian group Y on TMY. Furthermore, due to the well-known properties of
the action of a Lie group on a manifold, the latter result occurs if, and only if, the
infinitesimal generators H, commute

|[H,.H,]=0, ab=1,.N. (2.10)

Moreover, due to definition (2.8) these generators act on the coordinate functions
(x%.m,) as

H, x4 =0, - n*, H, k=9, - 6", (2.11)
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where the functions 6,(x, ) account for the four-accelerations of the particles and,
due to the affine character of 7, satisfy

04(x, ) - m,, =0. _ (2.12)

The relativistic invariance obviously requires the accelerations 8% to behave as a
translation invariant four-vector or, equivalently,

H,,A,]=0, a=1,.N;I=1,.10, (2.13)

where A, represents any one of the generators of P.

From the commutation relations (2.10) and (2.13) we have that the 10 + N vector
fields H,, a=1,....N; A4,, I=1....,10 generate a realization of the Lie group
6,=RY®P on TMY. This is called the full symmetry group of the N-particle
system. The action on TMY of a given (r,;¢,) € G will be written as

G(r, )= D(1).., Ty) 0 gle;) = glg;) 0 P(T) 5 Ty ),

where g(¢,) is the standard action of B on TM7 and @(z,..... r,), which has been
defined in (2.8), will be expressed in the following as

N
D(1,,..n Ty) = €XP ( N r[,Hu).
a—1

Condition (2.12) guarantees that the mass shell
M, .oy my) = {(x,, 1,) € TMY 77, = —mp. b= 1...., N}

is left invariant by this realization of Gy.
Up to this point we have that a PRM-4 of an N-particle system is given by a
realization of ® on TMY such that:

(i) The N infinitesimal generators H, have the simple form

a d
H, =74 o + 0%(x, m) pre

(2.14)

where the four-accelerations §% satisfy the orthogonality condition (2.12) and

(ii) the subgroup P = Gy acts on TMY} in the standard way.
If we now look for a symplectic form 2 € A*(TMY) invariant under &, we find a
covariant version of the no-interaction theorem [10]. Unless the accelerations 84(x, 7)
vanish, there is no symplectic from £ fulfilling the two requirements of:

(i) being G, invariant and

(i) the coordinates x% being canonical ones.
As in the case commented in Subsection (2a), condition (ii) is given up to
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circunbent the no-interaction theorem and again too many symplectic forms ® -

invariant are permited.
At this point, the approach which we have called PRM-4 splits in two different

directions:

(2b.1). The stream initiated by Bel and Martin [11], which considers that, for
most of the classical relativistic interactions which have been already formulated |12]
in terms of PRM-4, the trivial symplectic form of free particle systems appears as a
natural boundary condition when the distances between particles approach infinity.

This fashion has the advantage that one is always sure of dealing with something
which has to do with one of the classical relativistic interactions. However, it leads
unfaillingly to intricated power expansions on some coupling constant.

In the scope of this paper this approach will not be considered.

(2b.2). The method proposed by Droz—Vincent [13], which assumes an a
priori canonical realization of the full symmetry group on T*MY, and then a PRM-4
is obtained by finding out a suitable mapping into TM?.

2.c. CHS

Here we shall only consider this formalism as it has been presented in Ref. [5].
This approach starts from T*MY endowed with the canonical symplectic form

N
2=\ dpl Ndg4; (2.15)

a=1
i.e., the Poisson brackets are
{gh, pht=2050%, g4, qp}=1{ps, p2t =0,
a,b=1..,N, wv=0,1,23,

and the standard action of P on T*MY is defined by the generating functions

“~

7=

N
P, = \_4 Pfu Juv:

a=1 a

(Gou Py — 90 P3) (2.16)
I

The mass shells of the particles are then defined by N Poincaré invariant functions
(K, a=1,.,N} on T*M}. We shall assume besides that these functions contain the
squared masses of the particles as parameters in such a way that det(6K,/om}) # 0.

So that when the masses are m,,..., m, the mass shell is

M(m, ..., my) = {z = (q, p) € T*MY/K ,(z, m;) = 0}. (2.17)

Furthermore, the functions K (z, m,) are required to be first class on the mass shell
M(m, ..., my) for any fixed value of the mass parameters

{K,(z,m,), K (z,m,)} =0 on M(m,), (2.18)
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and, since they are Poincaré invariant, we also have
{Ky(z, my), 4,} =0, (2.18")

where A, is any one of the generating functions (2.16).

By means of the Poisson bracket, the functions K {z, m,) define N vector fields
K,(m,) = {K,(z, m,). } which, due to Eq. (2.18), are tangent to the mass shell M(m,)
and commute with each other:

K, (m,), K, (m,}] =0 on M(m,).

They therefore generate a realization of Y on M(m,). The orbits X(z) of the points
z € M(m,.) under the action of the group provide a foliation of the mass shell defining
the restricted phase space

¥(m.)=M(m,.)/Z,

the dimension of which is 6N.

The latter can be represented by choosing a 6/N-submanifold I'j(m.) < M(m,) such
that Vz,,z, € Iy(m,), z, # 2z, = Z(z,) N Z(z,) = @.

The submanifold I'y(m,) is defined by introducing N “fixations™ yx,(z.m,).
a=1,.,N, on T*MY and the latter condition is guaranteed, at least locally. if and
only if

det({Ka’Xb})io' (219)

However, this framework does not seem to be suitable enough for the “time
evolution” to be represented. Hence, the “fixations™ are relaxed by allowing them to
depend on a parameter  which will play the role of a “time.” This one-parameter
family of fixations defines the set of 6 N-submanifolds:

I'(m)=1{z€ T*MJ/K (z,m.)=0,x,(z,m..7)=0,a,b,¢c=1,., N},

each one being a “good” representative of ¥(m_), at least locally, if and only if
condition (2.19) holds for any value of 7.
The extended phase space is the (6N + 1)-submanifold

rm)= U rgmp).
teR

which is locally defined by the N mass shell constraints K, and by the (N —1)
fixations which result after eliminating 7 from y,(z, m,.7)=0, a = l...., N.

Furthermore, as far as condition (2.19) is satisfied, there is a unique linear
combination H of the vector fields K (m_) such that it is tangent to I'"(m_) and
satisfies

Na

5 +Hy,=0 on [ (m,). (2.20)
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This vector field is defined by

N
Y
H=— N 2. gtc K (m,). (2.21)
iz 0T

where S%¢ is the inverse matrix of D, = {K,. x,}, 1.e.,

N N
N §*.D,=0=N D, S (2.22)
c=1 c—1

The vector field H generates the realization of the additive Lie group I? on I (m,)
defined by the exponential map exp(AH), A€ R and it can be easily shown that
CXP(AH): rr(m(‘) - F1+/l(mc)'

It is therefore said H generates the evolution associated to the time 7.

Finally, the coordinates g%(z) are, by definition, identified with the position coor-
dinates x* of the particle (a) when the state of the system is z € I'"(m_). Thus. when
the system undergoes its time evolution starting from z € I'"(m_) the world line of (a)
is

x4(1) = q5 (exp(tH)z).

The relativistic invariance of the system requires these world lines to be Poincare
invariant and this implies new conditions on the fixations y,. which are commonly
called world line condition (WLC) [14|. (We shall come back to this point in the
next section).

3. THE CONSTRAINED HAMILTONIAN SYSTEMS

3a. Equivalent Formulations of a Given CHS
As has been seen in Section 2¢, a CHS is characterized by
(CHS-i) The mass shells M(m,...,m,) defined by N functions K (z.m,)
containing the masses (m,) as parameters,

(CHS-ii) which are first class and Poincaré invariant on IM(m }—see Egs.
(2.18) and (2.18’),

(CHS-iii) the (6N + 1)-submanifold
I'(m,)={z € T*MY/K (z,m.))=0, y,(z. m., 1) =0, for some 7 € [},

where the fixations fulfill condition (2.19), and

(CHS-iv) the vector field H given by Eq. (2.21), which is defined on I'"(m,),
and tangent to it.
The following theorem states what changes can be done in the constraints
preserving these features (CHS-(i) to (iv)).
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T.3.1. THEOREM. Let us consider a CHS defined by the constraints
(K seees K3 X150 Xn)- If we change them into

R, =h(K v Ky): Fn= LKy Kt 2y v X (3.1)

where (4,, f,) _y are 2N-independent functions such that

ab=1,..

h0,..,0)=0 and  f,(0,..0)=0, (3.2)

then the CHS (K., Ky % v 7y) is equivalent to the former one, ie., transfor-
mation (3.1) preserves CHS-(i) to (iv).

Proof. (i) and (iii) are obviously preserved since Eqs. (2.1) and (2.2) guarantee:

M(m,) = M(m,) and I'(m)y=1Tr"(m,)

(ii)
K, K, LI (K.,K;}=0 M(m,) = DM(m,)
[ - . ce g = on )= mc .
¢ o c.d—1 8K( 3Kd !

(iv) Let us consider the matrix

~ ~ N ¢eh, of
D, =Kk g1= N 2.2 p .
w= iR )= N S 2D (3.3)
Since (h,, f3)a.p—1.....n is a set of 2N independent functions and #,, does not depend

on x., neither (afb/aXc)b.c: | PO nor (aha/aKd)a,d\l ......
D,, is a product of three nonsingular matrices, it is itself nondegenerate.
From Eq. (3.3) we have that the inverse $° of D, is related to S by

Sed — \x 8_]"1,.6_}1‘,_‘5,,[,
o Ox. 0Ky

’

and, consequently, we have for the vector field H that

~ NoOoY,  ~ ~ Nooox )
A= N Z0 SR, = N TS K, [=H ()
ab=1 c,d=1

and the proof is over.
As a consequence of this result, a given CHS parametrized by the masses can
always be formulated in the following terms:

(a) First, we find out the half square masses from the constraints K, (z, m,),
a=1..,N. This can be always be done, since we have assumed that
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det(0K,/om})# 0 and it is equivalent to combine them until obtaining the new
constraints

R, (z,my,) = H,(z) + im]. (3.5)

Then the mass shell M(m,) is defined by the functions H (z) (which do not depend
on the masses anymore) according to

M(m,) = {z € T*MY/H (z) + 3m.=0,a = 1,.., N}. (3.6)
Furthermore, the vector field K, defined on and tangent to M(m,) are given by
R, =K,z m), | ={H,z), }  on M(m,), (37

which have the advantage of being independent of the masses and can be considered
as the restriction to M(m,) of N other more general vector fields H, = {H,, } defined
on the whole T*M?.

(b) Second, we combine the constraints K ,(z, m_) and the fixations obtaining a
new set of y(z, m., r) that:

(i) do not depend explicitely on the masses,
(ii) the latter (N — 1) fixations do not depend on t:
T4(2) A=2..N, (3.8a)

(iii) the parameter t apears only in the first fixation:
Xz, 1)=h{z) -1 (3.8b)

This is possible because at least one of the former fixations y,, a = l,.... N must
depend on 1 explicitly.

What we have reached up to this point is that any CHS parametrized by the
masses can be always formulated in terms of

K, (z,my)=H,(z)+im}, a=1..,N,z€ T*M},

Xz, m)=x,2), A=2,..,N, (3.9)
Xi(z,my, 1) =h(z)—1

(for the sake of simplicity the tildes will be omitted hereafter).

3b. The Action of the Poincaré Group on I,

Most of the results presented in this subsection and in the next one have been
already obtained by Sudarshan et al. [14]. However, we are goind to give a slightly
different presentation which, together with the one of Ref. {14], will provide a deeper
insight into the way this formalism works.
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Once the CHS is formulated in the simplest form (3.9) we realize that the vector
fields

H,={H,, }, P,={P Yo=Y,

wr b P
satisfy the commutation relations (2.10) and (2.13). Hence, they generate a

realization of & on T*MY:

G(t,, &) T*MY —» T*MY
N

z-¢&(1,, &)z =exp ( Z T,,H,,> o g{€,)z, (3.10)

a=1

where 1, € R, a= 1., N, (§,) = (&, £1p) € B and g(g,) is the standard action of P
on T*MY.

Obviously, this action of &, does not leave I (m,) invariant, that is, for a given
(te, &) E By, Gty ) " (m.)+ " (m,).

However, the following two theorems state that this realization of ®, induces a
realization of P on each slice I';(m,) < I''(m,) defined by the constraints (3.9) for
any chosen value of A.

T.3.2. THEOREM. Given z€I, and (¢,)EPB, a wunique  N-tuple
(11(2, &) Th(2, €,)) € RN exists such that

G(ry(z.€,). )z €T (3.11)

(Actually, this assertion holds in an open neighbourhood of the identity rather than on
the whole Poincaré group (see Fig. 1).)

Progf. The numbers 1,(z, ¢,), a = I,..., N, which we are looking for, are the roots
of the N-equation system

X.(G(t,,€)z,4) =0, a=1,.,N, (3.12)

where, since the particular formulation (3.9) has been adopted, the parameter A is
given by A = A(z). '

A unique N-tuple solution will exist for system (3.12) as far as the implicit
function theorem (IFT) can be applied. And this is the case since, due to the
condition (2.19), the matrix

24
(‘9—a> - {Kb’xﬂ}‘mra-cﬂ:.h(:n (3.13)
Tp (G(r,.8p)z2,h(2))

is nondegenerate on I'"(m,), ie., 1,=0,¢=0.
Also, it obviously follows that 7,(0,...,0;z)=0, a = 1,..., N.



126 IRANZO ET AL.

4

gle

/ Q(s

/

FiG. 1. The Poincare transformation g(e,) takes z out from I (m,) and exp(}} | 7,(¢,. z)H,) brings
it back to I';(m,).

This result allows us to define the transformation

g*(e): T'(m)—I"(m,),
(3.14)
2 g*(e)2 = Gt (6. 2). &)z

for any (¢;) € P (or, at least, in a neighbourhood of (0) € B).

T.3.3. THEOREM. Transformation (3.14) define a realization of B on I''(m,)
leaving each T';(m,) invariant (¥ 1 € R).

Proof. The invariance of I';(m,) follows in an obvious way from the construction
of 7,(e;, z) in (T.3.2.).

Let us now consider two elements (g;), (¢;)€ P and let (&) be its product:
(ex) = (e)) © (62):

According to definitions (3.10) and (3.14) for a given z € I'y < I (m,), we shall
have

g*(e)) o g* Dz EMy(m).  A=hz)

and

g¥(e;) o g*(e))z=exp

E Tb(8}~ 7). Hb( ° g(all)
b

oexp {3 7,65, 2) - Hy{ o g(e])z, (3.15)

a

where = g*(e2)z.
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Then, thanks to the commutation relations (2.13), we can commute the exponential
maps and the Poincaré transformation g(;) appearing in the right-hand side of Eq.
(3.15), obtaining

g*(e)) o g¥(e))=exp |N [r,(e;.2) + 1,085, 2)] - Hag o gleg)z € I'(m,).

The uniqueness theorem (T.3.2.) then implies that
(81, 2) + 1,065, 2) = T,(6x - 2), (3.16)

where 7= g*(e)z and (e,) = (¢]) o (¢7) € B.
Finally, introducing (3.16) into (3.15) and taking (3.14) into account we have

g¥(e)) o g¥(e))z = g*(ex)z.  Vz€E€T'(m)

and the theorem is proved.
If we now look for the infinitesimal generators A for this realization of ¥ on
I'"(m,), we have that

-~

A= | f(g*(s.,)z)(

I

=0

pY
=A, f(z) + i €

" (0,2) H, f(z) (3.17)
a—1 81
for any function fon I'(m,) and any z € I'"'(im,).

That is, the generator A} on I''(m,) can be obtained by adding a suitable linear
combination of H,, a = I...., N, to the corresponding A,.

The following result, which was already pointed out by Sudarshan er al. |14].
permits one to obtain A} without working out the partial derivatives dr,/d¢,.

P.3.4. ProPOSITION. For each infinitesimal generator of B (A,.I=1...10) a
unique linear combination Y~ | b¥H, exists such that A, + Y~ | b¥H, is tangent to
r'(m,).

The proof is very easy, the uniqueness is again based on condition (2.19) and the
result is

N
b =— N (Ax)S8“ (3.18)
-1
Hence, substituting this result into Eq. (3.17) we obtain

N
AF(z)= <A,— N (A,)(C)S“’Hu)(z), YzETI(m,.). (3.19)
1 /

a.c=

S95/150/1-9
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which can be  written as A}={A}, } on [I’(m.), where A}=
A=Y gy {4, %} S°H, (ie., the “star” variable [15] associated to A,).

Since the structure constants of a Lie group depend only on parametrization |16],
the commutation relations between the generators A/, I = 1...., 10, are obviously the
same as those between the corresponding generators A,, I = 1,..., 10. So that in the
standard parametrization of

(&)= (", 4"), o"=—w"uv=0123,

the infinitesimal generators are those P,,J,, defined at the beginning of the present
subsection and their commutation relations are

P,P|=0, P.,J,=n.P,—n. P,
[ u ] [ El ul At lu (3‘20)

lJuv’ JAa] = r]u.l"bh + nmJul - r]uo"l’.l - nv.l‘luu'

The corresponding generators P and J* on I"(m,) satisfy the same commutation
relations.

We can also look for the Lie brackets [Af, H
Eq. (2.21), obtaining

. I=1..... 10, where H is defined by

|AF H|=0, I=1..10. (3.21)

The derivation of this result is rather intricate and use must be made of the formula

N
H 8% =— N SUK, (K.t S®  on I'(m,), (3.22)

d, -1

which can be easily obtained from the Eq. (2.22).
The commutation relation (3.21) is the local expression for the following:

C.3.5. COROLLARY. The local one-parameter group exp(cH) (6€R) on I
transforms the realization g* of B on I'y\(m,) into the realization on I'{, (m.).

3.c. The World Line Condition (WLC) [14|

In order to describe the dynamics of a N-particle system by means of a CHS we
must previously state what is the position of each particle when the system is
represented by the phase space point z € I'". Thus, 4N functions ¢4 on I'(m,) must
be given defining the N position four-vectors. What is commonly taken in the CHS
appeared in the literature as ¢% =g% on I"”(m,). Nevertheless we are not going to
consider this restriction here in order to have a little more general result.

If we let the N-particle system start from z € I"(m,) then the world line of (a) in
the Minkowsky space will be given by

v.(2) = {x4(0, z) = p%((exp(cH)z), 0 € R}. (3.23)
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Thus, if we want the N-particle system to be relativistic invariant, we must require
the action of P on I"(m,) to leave the world lines (3.23) invariant. That is, given
z€I'"(m,) and (¢,) € P, the kworld lines obtained, either from z or g*(¢,)z, must be
the same apart from the coordinates transformation on M, defined by (¢,) € B. This
is equivalent to requiring that Vz € I''(m,), ¥ (g,) € B, Vo € R there exist 0,(0, z, ¢,),
a=1,..., N, such that

Ly(e))(xy(0, 2) — A%(e))) = x4 (0,4 8%(¢,)2) (3.24)
or, equivalently,
L (e pq(exp(oH)z) — A*(e,)) = o (exp(o, H) o g*(e,)z). (3.25)
We obviously have that

o,0,2,0)=0. (3.26)

Due to the group property, condition (3.25) is equivalent to the one obtained by
taking the derivative with respect to ¢, at (g, = 0),

0
Ct+ Choi(explo)z) = |Afol + (72)  Hot| (exp(Rz) (327)
P/ io,2,0)
where
oA* aL*
Cr=- ¢ o= .
; (as, )0 and - Ch= () (3.28)

Then, taking into account that exp(oH)z € I'", we can write Eq. (3.27) as

a

Cr+C¥-o)—Afoh =0, - Ho" on ["(m).a=l.,.NT=1.,10, (3.29)

where

00
a

0,(z)= ( gj ) (0.z,0).

What we have proved at this point is stated in the following:

T.3.6. THEOREM. Given a CHS and 4N functions ¢% on I''(m,) defining the
positions of the individual particles, the world lines (3.23) are Poincaré invariant in
the sense of (3.24) if, and only if, 10 X N functions o, exist such that condition
(3.29) is satisfied.

As we have commented before, the CHS appearing in the literature commonly take
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p%=g* on I'"(m.). In that case, since the realization of B on TM7 is the one
generated by the functions P, and J, —see Eq. (2.16)}—we have that
Agh=C; +Ch,-q,  onT*M{.

Thus, introducing it into Eq. (3.29) yields

(A g4 — Afgh)=0, - Hgl onI"(m,),a=1..,N. (3.30)

And, taking (3.19) into account, it is finally equivalent to
N
N (Ax) S (Hyg¥)=0,-Hgt  onl'(m.) a= L. N, (3.31)
b,e=1

It must be stressed that conditions (3.29)—and also (3.31)}—only consist of
3 X 10 X N equations instead of 4 X 10 X N as it could seem, because the remaining
10 X N equations must be used to eliminate the undetermined functions o, .
a=1,.,N, I=1,.,10.

Since the world line (3.23) must be time like and pointing to the future, we have to
require the ¢%’s to satisfy Hp? > 0 on I"(m_). So that, we can obtain the g,,’s from
the 10 X N zero components of the equations (3.29) and, substituting them into the
3 X 10 X N spatial ones, we have

Ci+Cly- 05— Afol=(C] + C), - s — Afop) - (Hol) - (Hpp) ' on [7(3.32)

and a similar expression for Eqs. (3.31).

It could seem at this point that the WLC (3.29) depends on all the fixations
Xa(z,7), a= ..., N. However, if the fixations are taken in the simple form (3.9) then,
the WLC does not restrict the fixation y,(z, 7) = #(z) —z, but only the remaining
ones: y,(z), 4=2..,N.

Indeed, let us consider the set of fixations

x(z.ty=h(z)—1, X.4(2) A=2..N,

which will provide the extended phase space I(m,) and the vector field H. Let us
now consider another set:

Az t)=hz)—1,  y,(z), A=2..N,

so that HZ# 0 on I'(m,). This new set of fixations will provide the same extended
phase space but a different tangent vector H. However, since the latter H will be
proportional to the former H, the set of world lines for particles defined by (3.23)
with any one of these two sets of fixations will be the same apart from a
reparametrization.

Hence, it is obvious that if the first set of fixations satisfies the WLC then, the
second will too.
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A rather tedious calculation yields

N
G =04 HR)— 3 (Azy)- S* - H(h—h) (3.33)
be=1
for the relationship between the functions o,, and &, appearing in both cases on the
right-hand side of (3.29).

Thus, it is clear the unessential role of the clock fixation y,(z, 7) = A(z) — 7 in the
WLC and it should be therefore a desirable formulation only in terms of the y,(z),
A =2...,N. We shall do it here for the case ¢% =q% on I''(m,).

From Eq. (3.31) and taking (2.21) into account, we have

N

N N
NN (A ST Mgy =0, N (H,gh) - S (3.34)
-1

al’
B-2 b=1 4
where 0/, =0,, — A x,.
The latter expression for the WLC must be understood as follows: “For any
nonsingular $?° solution of the linear system

N
NS (Hyyy) =95 onl'(m)a=1l.,N.D=2..N.

h-1

Egs. (3.34) must be satisfied.”

It is finally interesting to realize that, when the fixations y,. 4 =2.... N, are
Poincaré invariant and the positions coordinates ¢% =q! on ['(m_) are taken. then
the WLC automatically holds good.
3d. Symplectic Structure

In order to carry through the Dirac program we need to endow I,(m,)
(resp. I'"(m,)) with a symplectic structure (resp. a contact structure) which must be
invariant under the realization of ‘B defined in Subsection 3.b.

When we consider the injection mappings

r'(m,) —1 M}
,-J //: v Ja=de i (3.35)
F,l(mc)

we can use the respective pull-back maps to relate the exterior algebras on each one
of these manifolds in the oposite direction:

AT (m,)) —2— A(T*MY)

e
i ' sk ok ok
"l _/ﬂ . Ji=lyeJ"

AL (m))
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Thus, the former symplectic form 2 € A*(T*MY) given by Eq. (2.15) defines the 2-
differential forms

w=j*QE AX ' (m,)), w,=jIRE AXT)) (3.36)
in an unambiguous way.

The commutating between the pull-back map and the exterior derivative is a well-
known result of differential geometry |17}, namely,

d(.]*'Q)‘z :j*(dg)lj(z):z’ VZ € Fl(mc) < T*M{:’

' ) , (3.37)
d(_];{‘[))b :Jf(dg)'jyl(z)zz’ Vz € r.l(mc) < T*M:.
Therefore, since £2 is closed (i.e., d2 =0), w and w, are too:
dwo=0on I'"(m,) and dw, =0 on I'y(m,). (3.38)

It must be realized that in Egs. (3.37) and (3.38) the same symbol “d” has been
used to denote the three different exterior derivatives, on T*M?%, I"'(m,) and I"\(m,).
respectively. We have taken, however, this freedom of notation to avoid a too
sophisticated notation since no confusion can arise from it.

If we ask for the ranks of w and w,, then the following lemma is needed:

L.3.7. LemMA. Ler (M, Q) be a symplectic 2n-manifold and LM a
submanifold defined by k constraints {n,. a = 1l...,k} such that the rank of the
Poisson brackets matrix {n,,n,} is 2r < k. Thus, it turns out that

rank j*Q=2.(n—k+r). (3.39)

The proof is given in Ref. [20].

Considering then the differential forms w € A*(I'"(m,)) and w, € A*(I',(m,)), the
sets of constraints defining their respective manifolds and taking condition (2.19) into
account, an immediate application of this lemma yields

rank w = rank w, = 6N. (3.40)

Thus, it turns out from Egs. (3.38) and (3.40) that w, is a symplectic form on
r./l(mc)'

Furthermore, the symplectic form w, € A*(I',(m,.)) is left invariant by the
realization g* of P on I,(m,). Indeed, for any infinitesimal generator A,
I=1,., 10, of g* and taking (3.18) and (3.19) into account, we have that

N
i(AF)w, = i(A,+ N b;’Ha)!)
a=1

=Jji{—dA, —b] dH,}
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and, since j¥(dH,)=d(H, o j,) =0, we obtain

AF) wy = —jT(dA,) = —d(4,  j,), (3.41)
which implies

(i) A w,=0,1=1,.,10,
(ii) the generating function on I'y(m,) for the infinitesimal Poincaré transfor-
mation associated to ¢, is 4, o j,.

4, A PrIORI HAMILTONIAN PREDICTIVE SYSTEMS

This framework corresponds to a special attempt to construct some Hamiltonian
and covariant predictive relativistic mechanics (i.e., a realization of the full symmetry
group ®, on TMY, the generators of which having the standard shape (2.6) and
(2.14), plus a ®,-invariant symplectic form).

The HPS procedure consists of two steps: first, working out a canonical realization
of ®, on the cotangent space T*M} endowed with the natural symplectic form
(2.15): Q=375 ,dg% ANdpi, and second, to find out a diffeomorphism
Z: T*MY - TMY such that the jacobian map =7 transforms the infinitesimal
generators of ®, on T*M?% into the vector fields (2.6) and (2.14) on TMY. The
inverse pull-back (2 ')* then maps 2 into a 6 ,-invariant symplectic form on TM7.

Nevertheless, as we shall see later, this approach presents the very unpleasant
feature that the final action of &, on TMY, namely, the dynamics, is not visualized
until the end of the process and is critically determined by both steps. Thus, it will be
rather impossible to formulate any known physical interaction into this framework.

We start from the phase space T*MY with the symplectic form 2=

¥_,dq% A dp} and the standard action of P generated by the functions P, and J,,
defined in Eq. (2.16).

Then, N Poincaré invariant functions H, on T*MY are provided such that

{H,,H,} =0, a,b=1,.,N.
The 10 + N vector fields:

H,={H, }, P,={P. L J,={., | (4.1)

a

obviously generate a realization of &, on T*MY leaving £ invariant.

As we shall see immediately the problem of finding out the above-mentioned
diffeomorphism from T*M?Y into TMY can be solved by giving the position x%(z) and
velocity 7%(z) of each particle, a = 1,..., N, when the state of the system is z € T*M}.

In this approach the position functions x% are required to satisfy:

(i) H,x4=0, Va'+a, 4.2)
(i) P,x,=-0,, Joaxh =04 x,,—04 x 4.3)

ap*
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which, for the sake of brevity, will be written hereafter as
Axy=Cr+Cy - x5, I=1,.,10. (4.4)
The latter condition guarantees the good behaviour of x4 under the action of P and
the former one states that the position of particle (a) is “moved” by the action of H,

only. That is,
(4.5)

x4 <exp [2 rbH,,] )zxg(exp[raHa]z), z € T*MY,
b
which means that the evolution of the system starting from some initial state

z € T*MY yields a world line for each particle.
Assuming that Eqgs. (4.2) and (4.3) have been solved and the position functions x%

are known, we then define the velocities by

2H 1/2 R
= ( uz" ) -H,x%, where u,=H_ x,, - H, x| (4.6)
a
and the accelerations by
2H \'?
0,= ( uz")  H, . (4.6")
a
matrix

Provided that the functions x% have been properly chosen, the jacobian
o(x", m,)/6(q*, p?) is nonsingular on T*M?% (or, at least in an open subset of it) and
we can then define the 1 to 1 mapping:
= T*MY > TMY
(4.7)

25 2(z) = (e4(2) h(2).

Its jacobian map =7 applies the vector fields H,, J,, and P, into:

17 2H \ 2
), HZE< 2“) -H

a*

E™H = (7{“ . “.

“ “ 8x§,‘+ ¢ on* u,

.

ETp =— N\ (4.8)

8 o<1 0x4
_ v 2 P o 8
.:TJ‘”= 2 (xauw—xa‘,ax—u'{—ﬂau%—ﬂav'aﬁ) .

a=1 a a a a

which yields a covariiant predictive relativistic mechanics on TMY, since the
generators S'H), ="P,, Z7],, have the right shape (2.6), (2.14) and the
orthogonality of #% and n% follows immediately from their definitions (4.6) and

(4.6").
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Going back to the problem of finding out solutions to Eqs. (4.2) and (4.3) we shall
carry through the integration in two steps:

(i) We shall first integrate Eqs. (4.2) for a suitable set of Cauchy data,
namely, a submanifold X and 4N function ¢* € A°(X), requiring

xp(z9) = 04(20)s Vzo€ L

(i) Second, we shall use Eqs. (4.3) as conditions on the Cauchy data.

Since Eqgs. (4.2) can be solved separately for each particle (a) and component (u),
and since the (¥ — 1) vector fields H,., a’ # a, commute with each other, we have
that

dimZ=7TN+1

and also that for any given a = 1,..., ¥, £ must not be a characteristic submanifold of
the remaining fields H,., a’ # a. The latter implies that, if X' is defined by the (N — 1)
independent functions ¥,, A = 2,..., N, then the N X (N — 1) matrix (H,¥,), _,

B=2,....N

has no vanishing (N — 1) X (N — 1) minors:

Ya=1,... N, det(H,. ¥,) #0on 2. (4.9)

a'+a
B=2....,N

This condition guarantees that, for any z (at least in the neighbourhood of X where
the condition holds)z )the implicit function theorem can be applied and determines
N — 1 real numbers 30,(2) such that

exp ( N (gl,,(z) Hu,) ZEZX. (4.10)

'*a

Then, it immediately comes out that the solution of Egs. (4.2) for the Cauchy data
(Z,05) is

xh(z) = o4 (exp ( N (grl,,(z) Ha,> z). (4.11)

a'#a

As has been mentioned before, Eqs. (4.3) are to be understood as condition on the
initial data (X, ¢%). The right behaviour of x* under Poincaré transformations
requires that

xg(8(e)z) = L(g;) - (xo(2) — A'(e,))) (4.12)

for any (¢,) € P—or, at least, in a neighborhood of the identity (g,) = (0).
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Introducing expression (4.11) into Eq. (4.12), we obtain

ot foxp (3 Gen) Hy ) o (o))

'#a

—zxe)- o (o ( ¥ B0 M) 2) —are)|. @)

a‘+a
where G,.(¢,, 2) = G, g(e;)z).
Then, since X satisfies condition (4.9), we have that, for any z, € X, there exists a
linear combination of H,(z,), b = 1,..., N, being tangent to X, which is unique appart
from a multiplicative coefficient. Thus, we choose any function ¥, on 2 such that

det(H, ¥,), 5—1... .~%0 on X, (4.14)

This chosen function ¥, defines the following one-parameter family of
submanifolds

Y, =lze /¥ (z)=Alc X

The mathematical objects which we are now dealing with are pretty similar to
those considered in Subsections 3b and 3c. Like there we shall also have in the
present case:

(i) a realization g*(g,) of B on X leaving X', invariant and

(i) a unique vector field H=3Y_, »° - H, tangent to X such that H¥ = 1.
Considering now the arguments of ¢* on the left-hand side of Eq. (4.13), we shall
have that

Z,=exp ( N (3'21,(8, z)- Ha,> o gle,)z
a'#a

will not lay in the same submanifold X, as

z, =exp ( N o,(2)- H,,)z,

a'+a

ie.,

¥(z,) — ¥i(z)=4%z,, ) # 0. (4.15)
(Note that the latter difference should apparently depend on how far from X the point
z is, however, it follows from the commutativity between exp(c,- H,) and the

Poincaré transformation g(g,) that A? only depends on ¢, and z,, i.e., the “trace” of z
on X.)
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The vector field H then permits bringing z, into Z,€ X, (4,= ¥,(z,)) via its
exponential map

Z,=exp(A®(z,,€) - H)z, (4.16)
or, writing z, in terms of z,,

2 a ’ (a)
Z,=exp(A?(z,, €) - H) o exp(2’ 0,.(¢,2) - H,) o g(e;)
o exp(—Z' G(z) - H, )z,

where X’ stands for the summation over all indices a’ # a. (See Fig. 2.)
Taking then into account the commutativity between the different mappings
appearing on the right of the latter equation, it can be expressed as

N

Z, =¢€Xp ( S Gy Hy)o gle)zy,
b=1

which, by the uniqueness theorem (T.3.2), implies that Z, = g*(g,;)z, or equivalently,
using Eq. (4.16),

7, =exp(—A%(z,, ;) - H) o g*(g))z,. (4.17)

FiG. 2. The relationship between the point$ z, g(¢,)z, z,. z, and 7, occurring in Egs. (4.16), (4.17)
and (4.18).
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Using this expression together with the above definition for z, and z,, Eq. (4.13)
can be written as

galexp(—=A%(z,,€) - H) o g*(e))z} = LY(e) - {oa(2)) —4%(e)},  Vz, €2, (4.18)

which, derived relatively to ¢, at (g,) = (0), yields the equivalent condition
C4+Ch- oy =G, Hol + A}p*  onZ, (4.19)

where C% and C%, are defined in (3.28) and ‘G)(z,) = —24%/¢,| ; ,-

So far we have proved that a set of Cauchy data (X, ¢%) yields a solution of the
position equations (4.2) which is well behaved under Poincaré transformations if, and
only if, there exist 10 X N functions (gr), on X such that conditions (4.19) are satisfied.
Realize that this result is quite similar to the world line condition for CHS. Indeed,
Eq. (4.19) is identical to (3.29). Hence, the consequences commented there also hold
in the present case.

5. EQUIVALENCE OF BOTH FORMALISMS: CHS AND HPS

In the CHS framework a given N-particle relativistic system can be always
formulated in terms of (2N — 1) functions, on the phase space T*MY :

K (z.m)=H,(z)+3m2,  xu(z), a=1,.,N., B=2..N,

such that
(i) {H. H,}=0,
(i) rang({H,,xz})g-1...n=N—1 on the submanifold defined by

=2, N

B
H,+3iml=0, y,=0, and
(iii) the world line condition (3.30) is fulfilled.

Given these mathematical objects, we choose a suitable clock constant y,(z) =T,
we then work the formalism getting, at the end, a set of N world lines—defined by
Eq. (3.23)—for each initial state z, on the extended phase space I (m,).

On the other hand, a HPS is also formulated in terms of (2N — 1) functions on
T*MY: H,, xp, a=1,...,N, B=2,..., N such that

(i) {H,, H,} =0,

(") ({Hg, x8})a=1....n.B=2...n does not have any vanishing (N —1)X
(N — 1) minors, and
(iii’) the word line condition is fulfilled.

Working then all these objects in the HPS formalism we also obtain, at the end, a
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set of N world lines for each initial state z belonging to the whole phase space T*M7.
(Realize that the Cauchy data ¢* =g* are assumed in both cases, i.e., HPS and
CHS.)

Thus, the same ensemble of mathematical objects (see footnote [21]) can be used
in two different manners, namely, CHS and HPS. to obtain one relativistically
invariant world line for each particle. What we are going to show throughout this
section is that the same world lines are obtained in both frameworks.

T.5.1. THEOREM. For any z € T*MY, the N-submanifold

S(z)=

exp (: r,,-Hb)z.raePg

b

cuts T'(m,) on one orbit of H (the masses appearing as parameters in I’(m,) are to
be determined by m> = —2H (z), ¢ = 1..., N).

Proof. Since the matrix (Hyx,)p_1... . 4—2... . satisfies Eq. (4.9), it is always

possible, for any fixed value of (a), to find out (N — 1) unique functions ga,(ra. z),
a’ # a, such that

N
exp (E: G p(Ta02) - H,,)z
b=1

X =0, B=2..N, (5.1)

where 3a(ra,z)zr It obviously comes out that ga/(O.z):(é}L,(z), given by
Eq. (4.10).

Thus, the curve

a*

N
Y(t,.2) = exp (i gb(ra,z)-Hb)z,raEP‘ : (5.2)
b1

is the intersection of S(z) with I"(m,), and its tangent vector at any point f}(ra.z)
can be written as

H,. (5.3)

The uniqueness condition (2.19) then implies that this tangent vector is proportional

to H at any point ?}(ra,z). Hence, curve (5.2) is an orbit of H apart from a
reparametrization.

It could still happen that each chosen value of (a) yields a different line ;(ra, 7) on
I'"(m_.). However, condition (4.9) again guarantees that all the coefficients on the

right of Eq.(5.3) do not vanish and, therefore, all the different curves ?}(ra,z),
a=1,.., N, are equivalent (i.e., can be reparametrized into one another). Thus, we

shall take a common parameter p, writing hereafter y(p, z) = f}(g(p), z).
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At this point everything is ready to compare both formalisms. For any given
z € T*MY, the world line {x“(exp[r,H,]z), 7, € R} is assigned to the particle (a) by
the HPS formalism. Then, since x% is a solution of Eq. (4.2), we have that

xg(exp[r,(p)H, J2) = x5 (4o, 2)),
which, since ‘}li(ra, z) lays on [(m,), can also be written as

xi(explt,(p) H,yl2) = g4 (7(p. 2)).

Finally, taking into account that y(p, z) is an orbit of H on I”(m,_) appart from a
reparametrization p = p(1), we have

xz(exp[t,(A)H]z) = gZ(exp|AH]z,),  2€ER,

4

LA =1,0() and  z,=(0,2) € I"(m,), G4

which proves that any N-tuple of world lines derived by the HPS formalism can be
also obtained in the CHS framework.

That the converse (namely, that any N-tuple of world lines yielded by the CHS
formalism can be derived as well by the HPS one) is also true follows immediately
from Eq. (4.2) and from the fact that I'(m,) is a submanifold of the whole phase
space T*MY.

6. CONSTRAINED HAMILTONIAN SYSTEMS CHS AND
NONCOVARIANT PREDICTIVE RELATIVISTIC MECHANICS PRM-3

Let a certain CHS be defined by the 2N constraints:

Ko(z,m) = H(2) + 3ml 1, (). 1, (2. ) = n(2) — 7,
a=1..,NA=2.,Nz€T*MY},
and let the particle positions in M, be given by some functions ¢% on /”'(m,). Besides,
since each ¢ (b= 1,..., N) means a time and the vector field H generates the *““z-time

evolution™ on I""(m,), the assumption that He) > 0 on I (m,) is implicit in any CHS.
Then, the implicit function theorem can be applied and the equation

0(exp[tH]z) = h(z), z€l"(m), 1€ R,a=1,.,N,

can be solved in 7 (at least for z belonging to a neighborhood of I'y(m,)). Thus, for
any z, there exists A,(z) € R such that

po(exp[A,(z)H]z) =h(z), a=l,.,N.
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Using these N functions 1, we can label I"'(m,_) by the coordinates

T=h(z), (6.2a)
Ya(2) = 04(exp[4,(z)H]2), (6.2b)
wi(z) = (EZIE ) exp|4,(z)H]z. (6.2¢)

The “velocities” w'(z) so defined can also be expressed as
wi=Hy!. (6.3)
Indeed, deriving along H Eq. (6.1), we obtain
(Hh)(z) = H{pg(exp|A,(2)H[2)} = {1 + (HA,)(2)H{(Hog)(exp|4, H|z).
Then, since, by definition of H, HA = 1., we have that
(Hog)exp|A,H]z) = {1 + (HA,)(z)} . (6.4)

which can be used to calculate the derivative of y!. yielding (6.3).
We can now express the eleven generators H, A}, /= l..... 10, in terms of these
(6N + 1) coordinates obtaining

Afh=0 and Hh=1 (6.5)
Afy,=Ci—Clwl + Vi(Cy;— Chwl) + 1Cjy, (6.6)
Hy! =wi, (6.3)
Afwo=wi(Cly — Chwg) + Clo — (C] + ¥, Cug, (6.7)
Hw) = u}, (6.8)

where the constants C} and C¥, are given by Eqgs. (3.28), and Eq. (6.7) defines the
“acceleration™ functions u’. (In the derivation of Eq. (6.6), the world line condition
(3.29) and Egs. (6.1) and (6.5) have been used. Afterwards, since H commutes with
any Poincaré generator AJ¥, Eq. (6.7) has been obtained by deriving both sides of
(6.6) along H.)

In the standard parametrization of B, the constants C¥% and C¥, are given by (4.3)
and (4.4). So that, we can write

pr= \' ( AL ) 6.9
0 _:l Ma ay,a +:uu aw, ( a)

a

Pr=— \ 7 (6.9b)
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N B a a
J*:l TSy Ek — N\ JI( i _.)’ 6.9
i 361 s (}:1 & Yai ayz + Way 6w§1 ( C)
N .0 ;
K}f=1} :—-rP*+a:] [ya,wj,g‘z—(éj—wa, Pallh) — e J, (6.9d)
a
H=—+P} (6.9¢)

ot

Furthermore, the commutation relation [H,P}|=0 implies that 4, does not
depend on 7 explicitely, i.e.,

_lu (Vb’ wv

We realize that expressions (6.9) for the Poincaré generators are almost identical
to those given by Egs. (2.4), which would be obtained for the noncovariant predictive
relativistic system

dy, i dez igo
L CEEat) (6.10)

The only discordant thing is the term —tP} appearing on the right-hand side of
(6.9d). It is not surprising, in any case, that some disagreements arise between both
sets of generators, respective (2.4) and (6.9). Because, whereas the former set acts on
a 6N-dimensional phase space (ie. TR*), the latter acts on the (6N + 1)
dimensional extended phase space I’ (m,). Thus, to compare them on equal footing
we need either (i) to consider the restricted phase space I'y(m,) < I''(m,) for the CHS
(i.e., by making t = 0), where expressions (6.9) become fully equivalent to (2.4). or
(i) to implement TR*¥ by one more variable (€ R) and extend the predictive
relativistic system (2.4) to the whole extended phase space TR*" X .

In the latter case, a t-time variation generator T, commuting with the action of P
on TR* x R, must be added and then many possibilities arise depending on how this
T is defined. For instance, if T =3/0¢ is chosen, then the extension of the Poincaré
generators (2.4) to the whole TR*" X R is obtained by merely taking

A, yiowh) = Ay, wh),  I=1..10. (6.11)

However, this trivial choice for the eleventh generator T is dynamically meaningless,
since it does not contain any dynamical information at all.

If, on the contrary, we want the dynamical evolution of the system to be involved
in the time generator T, the choice must be

T(t, y, w)— 0 +P0(v w). (6.12)

The commutation relations |T, A;] =0, I = 1...., 10, then provide the way to pull the
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10 Poincaré generators A/(z, y, w) out from the 6N-dimensional phase space (£ = 0).
where the A;(0, y, w) are equal to the A;(y, w) given by (2.4). Doing this, we obtain
that

Pi(t, x, v) =Py(x, v), Pi(¢, x,0)=P,(x, v),
Ji(t, x, 0)=1J,(x, v), Ki(t. x,v)=—P (x,v) + K (x, v),

{6.13)

which is in full agreement with Eqs. (6.9).
Another interesting method to check the equivalence between CHS and PRM-3
would have consisted of labeling I'"(m,) by the coordinates

t=h(z), (6.14a)
7i(2) =0l (exp|L,(2)H]z), (6.14b)
wi(z) = (gzg ) (exp|4,(z)H]z). (6.14c¢)
where 4,(z) is defined by
0%(exp|A,(z)H]z) =0, a=1,..,N. (6.15)

instead of Eq. (6.1) in the case considered before.
Then, expressing the Poincaré generators in terms of these coordinates, we obtain

N 8 . |
Px=N" Il g —— 6.16a
0 = ?10 8)_" Hy 3}9,0 S ( )
Y@
Pr=— N —, (6.16b)
aT1 9,
~ . O ¢
J;k:‘;\?1 el )v’; 3}_’5,+W"W_’Lz’ (6.16¢)
* \h‘ oo 0 = =i = =i n ¢
Kj = - YajWa —3?5 + (Wajwa + Vajta — 51) 5‘;)51 ’ (616d)
which coincide with Eqgs. (2.4).
In coordinates (6.14) we also have
H=2¢/ot. (6.17)

Thus, the vector field H (which generates the variations of the time #) has been
emptied from any dynamical contents by merely choosing a suitable set of coor-
dinates. Therefore, H does not represent anything dynamically new which has not yet
been introduced by the Poincaré generator of time translations PF. The same also
holds for the time parameter ¢.

595/150/1-10
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Our claim is that all the dynamical features represented via the usual CHS method
on the (6N + 1)-dimensional extended phase space I"'(m,) can be pictured on the 6/V-
dimensional phase space I'y(m,) as well the time evolution and the world lines would
be obtained by the action of PF. The relationship between both pictures would be
analogous to the one between the well-known Heisenberg and Schrédinger pictures in
quantum mechanics.

Furthermore, what has been commented above can be used as an argument against
a conjecture of Sudarshan, Mukunda, Goldberg |[14], where an important role is
assigned to the “eleventh generator” H in the circumvention of the no-interaction
theorems [8] by the CHS formalism since, as has been here shown, nothing new is
introduced by this generator. Although we agree with these authors that constrained
Hamiltonian dynamics goes beyond the Dirac’s program, meaning that, if the 10
Poincaré generating functions are written in terms of a set of canonical variables
relatively to the Dirac bracket on I”(m,), then their expression will depend critically
on the constraints, and presumably none of the three forms proposed by Dirac |1]
will be recovered. We shall devote a forthcoming paper to discussing in detail how
and why no-interaction is circunvented by the constrained Hamiltonian formalisms.

7. PREDICTIVE HAMILTONIAN SYSTEMS AND
NONCOVARIANT PREDICTIVE RELATIVISTIC MECHANICS

For any fixed values of the masses (m,....m,), let us now consider the 6N-
submanifold X, (m.) = T*M} defined by

2H (z)=1l(z)=—ml: x)z2)=0; ab=1..N, (7.1)
where x%(z) and n%(z) have been defined in (4.11) and (4.6).

We then label X,(m_ ) by the following 6N coordinates: (i) the 3N positions x.(z)
defined by (4.11) and (ii) the 3N “velocities™:

nﬁol Q:L-

(7.2)

8~
m:?I :::-

where u% stands for H,x%.

The 6N submanifold X(m,) is not preserved by the action of the full symmetry
group G, on T*MY, however, in a similar way to the one discussed in Section 3b we
can derive

(A) A realization of B on X (m,)
For any (¢,) € B we consider: g'(g,): Z,— X, defined by
v

g'eNz=exp | N o,(z.8)- H,{ o g(e,)z, (7.3)
1

a=
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where the ¢,(z, €¢) can be obtained by solving the equations

X! =0, b=1..N (7.4)

N
exp ( N
e

Oa-H) g(e)z

The uniqueness of these solutions ¢,., @ = 1.... N, is guaranteed by the implicit
function theorem because

det(H,x)) = det(d,, - u2) =u’... ul #0. (7.5)

Now, using fixations (7.1) and taking into account that the inverse matrix of
H.x'=ul .6, is

1
S/(h 5[1(. C 5 (76)
u,
we have that the Poincaré generators (3.19) are
“’ 1
Al=A,— (A xp) - — - H,
he Uy
or, using Eqgs. (4.4) and constraints (7.1).
A=A = N (CO+Clox)) - — - H,y (7.7)
b1 up
which, expressed in terms of coordinates (7.2), read
N |
P(, l;:l (Uu.é,——i+a(l.m)’ (783)
Yoo
Pi= ) —. (7.8b)
(;-—‘l axa
N 0 0
;_ i K k
Ji = ;l ek (xa . ) + ;- 8v{1)’ (7.8¢c)
K’—\\‘ (x v —8—+(v v+ x ai—éi)-i) (7.8d)
j a:,l a a ax; aj a aj a J E)vj, ° .
wheré
i 1 { 0
ay= o (! Juy). (7.9)

That is, the realization of the Poincaré group on X, (which is locally isomorphic to
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TR via coordinates (7.2)) associated to the noncovariant predictive relativistic
system
dx! . dv!

2 —p! 4~ al(x, ). 7.1
Se_ul, Sealx) (7.10)

It is interesting to realize that this predictive relativistic system is quite equivalent
to that obtained from the CHS framework, i.e., (6.10). The proof is sketched by the
following reflexions: for any z € X(m,), let us consider the state z, determined by the
intersection of I'y(m,) with the world submanifold S(z)—see (T.5.1). The coordinates
¥i(z,) assigned by (6.2) correspond to the space coordinates of particle (a) in M,
when its time coordinate is made zero by going forwards or backwards along its own
world line (recall that the right-hand side of Eq. (6.1) is 4(z,) = 0, and that ¢!, and x°
coincide on I”(m,)). On the other hand, the coordinates (7.2), xi(z) give. by
definition, the space position of (a) on its world line when the time is x%(z) = 0 (since
z € Zy(m,) and the constraints (7.1) then apply). Finally, since the same world lines
are assigned either to z by the PHS formalism or to z, in the CHS framework, as has
been proved in Section 5, we can conclude

xi(z) = yi(z,) (7.11a)
For the same reasons, we can also state for the velocities and accelerations that
vi(z)=wi(z,) and  ai(z) =ui(z,) (7.11b)

(B) A4 symplectic Form on Xy(m,)

Indeed, if we call & Zy(m.)—> T*MY the natural injection, then its pull-back
mapping provides a differential 2-form,

wh=EXQ E AXZ,), (7.12)

which is symplectic, since the Poisson brackets matrix {H,.xj}=4J,, - uj is non-
singular.

Furthermore, as has been discussed above in a similar situation (see Subsections
3b and 3d), w} is invariant under the realization of P on X (m,) generated by (7.9).
Moreover, as has been also commented there, the Poisson bracket associated to w} on
Z,(m,) is the Dirac bracket relative to the second class constraints (7.1).

Thus, a predictive Hamiltonian system provides a canonical noncovariant
predictive relativistic mechanics by the following rule:

(i) Solve the constraint equations (7.1) to obtain 2N among the variables in
terms of the remaining 6N and substitute them into the standard expression (2.16) for
the Poincaré generating functions.

(ii) The action of P on Xy (m )—which is locally isomorphic to TR —is
generated by the resulting functions on Xy(m,) via the corresponding Dirac bracket.
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8. CONCLUSION

The main result achieved in the present article has been the proof of the complete
dynamical equivalence between the a priori Hamiltonian predictive relativistic
systems and the constrained Hamiltonian relativistic ones, meaning that, to describe a
N particle relativistic system, both formalisms start from the same mathematical
objects, fulfilling the same requirements—although assigning them different
meanings: mass shells or Hamiltonian functions and fixations or Cauchy data.
respectively— and, after working them by different methods and from clearly
differentiated standpoints, the same world lines are obtained in both frameworks. As
far as the CHS formalism deals with a (6 + 1)-dimensional phase space whereas the
HPS framework does with the 8N-dimensional TMY, it could be said that the latter is
a predictive extension of the former.

We have also proved that a given constrained Hamiltonian relativistic system can
be formulated in terms of noncovariant predictive relativistic mechanics, by merely
choosing a suitable set of coordinates in the (6N + 1)-dimensional extended phase
space.

There has clearly appeared that the “‘eleventh generator”™ H does not contain any
dynamical information which has not been previously introduced by the 10 Poincare
generators. Hence, there seems to be no conceptual need for introducing either an
eleventh generator (H) or a strange “‘time parameter” (r) as a phase space variable,
although both of them may be useful to simplify the calculations.

Our conjecture is that an equivalent framework could be established by fixing 2V
second class constrains, with no dependence on any extra parameter 7 there. The time
evolution, and hence the world lines, would be provided by the time translation
generator P,. The relationship between this viewpoint and the usual one in the CHS
formalism would be similar to the relationship between the Heisenberg and
Schrodinger pictures in quantum mechanics.

We have also studied the world line condition and further analyzed its content,
following from there that it must be understood as 30 X N conditions on the ¥ mass
shell constraints and the (N — 1) z-independent fixations, regardless of the clock fix-
ation.

In our opinion, the WLC is something previous to the no Interaction theorems
arising in other approaches to the relativistic dynamics of particles. We mean by this
that a too restrictive choice for the fixations y,(z)..., xx(z), could forbide, via the
WLC, any interaction to occur. For instance, if the fixations x, =g —gq!.
A =2,.,N, are taken, the WLC then implies that no interaction is possible (this has
been proved in Ref. [23] for the special case of two particles with some specific mass
shall constraints, and we shall prove it for the general case in a forthcoming paper).

It is finally interesting to point out that, thanks to the comparison of both
formalisms (i.e.. CHS and HPS), we have found out and proved that the world line
condition of CHS is also needed in the HPS framework, having here a different
meaning—recall that it has appeared as a condition on the Cauchy data for the
particle positions to guarantee their good behaviour under Poincaré transformations.



148 IRANZO ET AL.
ACKNOWLEDGMENTS

F. Marqués wants to acknowledge the hospitality from the Institute Henri Poincaré (Paris), and the
encouragement and fruitful discussions from Professor L. Bel in the beginning of this work.

J. Llosa is indebted to Professor F. Rohrlich and his colleagues at the Physics Department of
Syracuse University for their hospitality during an one month stay when this work was finished. The
work of J. Llosa was supported by CIRIT (Generalitat de Catalunya).

REFERENCES

1. P. A. M. DIrRAC, Rev. Mod. Phys. 21 (1949), 392.

2. D. G. CURRIE, Phys. Rev. 142 (1966), 817: R. N. HiLL, J. Math. Phys. 8 (1967), 201: L. BEL. Ann.
Inst. H. Poincaré 12 (1970), 307.

3. Pu. DROZ-VINCENT. Phys. Scripta 2 (1970), 129; J. G. WRAY, Phys. Rev. D1 (1970). 2212:
L. BEL, Ann. Inst. H. Poincaré 14 (1971), 189; R. ARENS, Arch. Rat. Mech. Anal 47 (1972), 255.

4. P. DROZ-VINCENT, Rep. Math. Phys. 8 (1975), 79: V.IrRanzo, J. LLosAa, F. MARQUES., AND
A. MOLINA, Ann. Inst. H. Poincaré A 35 (1981), 1.

5. F. RoHRLICH, in “Relativistic Action-at-a-Distance,” Lecture Notes on Physics No. 162. p. 190,
Springer-Verlag, Heidelberg, 1982; N. MukUNDA AND E.C.G. SUDARSHAN, Phys. Rer. D23
(1981), 2210; J. N. GOLDBERG, E. C. G. SUDARSHAN, AND N. MUKUNDA, Phys. Rer. D 23 (1981).
2231; E. C. G. SuDARSHAN, N. MUKUNDA, AND J. N. GOLDBERG, Phys. Rev. D 23 (1981). 2218:
L. T. Toporov, in “Relativistic Action-at-a-Distance,” Lecture Notes on Physics No. 162, p. 213,
Springer-Verlag, Heidelberg, 1982; A. KoMAR. Phys. Rev. D 18(1978). 1881, 1887 H. SAzDJIAN.
Ann. Phys. 136 (1981), 136; R. ARENS, Nuovo Cim. B 21 (1974). 395.

6. M. Spivak, “Calculus on Manifolds,” p. 94 (th. 4-11), Benjamin, New York, 1965; C. GODBILLON,
“Geométrie différentielle et mécanique analytique,” p. 92, (th. 4-2.11), Hermann, Paris, 1969.

7. L. BEL AND J. MARTIN Ann. Inst. H. Poincaré 2 (1975), 173. E.C. G SUDARSHAN, AND N.
MUKUNDA, “Classical Dynamics: A Modern Perspective,” Wiley, New York, 1974.

8. D. G. Currig, T. F. JorDAN, aAND E. C. G. SUDARSHAN, Rev. Mod. Phys. 35 (1963), 350; H.
LEUTWYLER, Nuovo Cim. 37 (1965), 556.

9. R. N. HiLL, J. Math. Phys. 8 (1967), 1756; C. BoNa AND X. FUSTERO, Ann. Inst. H. Poincaré 35
(1981), 113.

10. P. DROZ-VINCENT, Nuovo Cim. 128 (1972), 1.

11. L. BEL AND J. MARTIN, see Ref. [7]; L. BEL AND X. FUSTERO. Ann. Inst. H. Poincaré 25 (1976),
491.

12. L. BEL, A. SaLas, aND J. M. SANCHEz, Phys. Rev. D7 (1973). 1099; A. SALAS AND J. M.
SANCHEZ, Nuovo Cim. B 20 (1974), 209; R. LAPIEDRA AND A. MOLINA, J. Math. Phys. 20 (1979),
1305; R. LaPIEDRA, F. MARQUES, AND A. MOLINA, J. Math. Phys. 20 (1979) 1316.

In these papers, the equations of motion derived from classical field theory for each particular
interaction are introduced as boundary conditions to integrate either the Currie~Hill equation (2.3)
or the Droz—Vincent ones (2.10), depending on whether the nonvariant formalism or the covariant
one is used.

13. P. DROZ-VINCENT, Ann. Inst. H. Poincaré A 28 (1977), 407; V. IRANZO et al., see Ref. [4].

14. N. MuxunpaA AND E. C. G. SUDARSHAN, Phys. Rev. D 23 (1981), 2210: E. C. G. SUDARSHAN, N.
MUKUNDA, AND J. N. GOLDBERG, Phys. Rev. D 23 (1981), 2218.

15. F. ROHRLICH. see Ref. |5].

16. L. S. PONTRIAGIN, “Topologische Gruppen,” B. G. Teubner Verlagsgesellschaft. Leipzig, 1958.

17. C. GODBILLON. op. cit., p. 91 (Prop. 1V.2.7).

18. C. GODBILLON. op cit., pp. 90-93 (Sect. [V.2).

19. E. C. G. SUDARSHAN AND N. MUKUNDA. op. cit., p. 108 (Chap. 9).

20. J. SNYATICKY, Ann. Inst. H. Poincaré A 20 (1974), 365.



21.

22.

23.
24.

25.

26

RELATIVISTIC DYNAMICS OF PARTICLES 149

Note that condition (ii’) is more restrictive than (ii). However, although the general theory of
constrained Hamiltonian relativistic systems takes (ii) as one of its main assumptions, the particular
models which we have quoted fulfill (ii’) in addition. Futhermore, it must be stressed that if a given
CHS is formulated in the simple fashion given at the beginning of Section 5, and fulfills condition
(i1), but not (ii"), then the very unpleasant fact will occur that the “Hamiltonian™ H. which generates
the evolution of the system on [, will not depend on some of the masses of the particles.

P. G. BERGMANN AND A. KOMAR. Gen. Rel. Grar. 14 {1982). 731: F. ROHRUCH. Phys. Rev. D 25
(1982), 2576.

A. KIHLBERG, R. MARNELIUS. AND N. MUKUNDA, Phys. Rev. D 23 (1981), 2201.

T. TAKABAYASHI AND S. Kouma, Prog. Theor. Phys. 57 (1977). 2127. M. KaLB AND P. VaN
ALSTINE, “Invariant Singular Actions....” Yale Report COO-3075-146 (June 1976). D. DoMINICL. J.
Gowmis, AND G. LoONGHI, Nuovo Cim. B 48 (1978), 152.

J. LLosa. F. MARQUES. AND A. MOLINA, Ann. Inst. H. Poincaré A 32 (1980), 303: D. DomiNict. J.
GoMis, AND G. LONGHL Nuoro Cim. A 56 {1980), 263. D. Dominict. J. Gomis, J. A. LoBO. AND
J. M. PoNs. Nuovo Cim. B 61 (1981), 306.

L. LUSANNA, Nuovo Cim. B 65 (1981). 135.



