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Abstract

Numerical continuation is used to compute spatially localized convection
in a binary fluid with no-slip laterally insulating boundary conditions and
the results are compared with the corresponding ones for periodic boundary
conditions (PBC). The change in the boundary conditions produces a dramatic
change in the snaking bifurcation diagram that describes the organization
of localized states with PBC: the snaking branches turn continuously into a
large amplitude state that resembles periodic convection with defects at the
sidewalls. Odd parity convectons are more affected by the boundary conditions
since the sidewalls suppress the horizontal pumping action that accompanies
these states in spatially periodic domains.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Many fluid systems exhibit spatially localized structures in both two (Ghorayeb and
Mojtabi 1997, Blanchflower 1999, Batiste et al 2005, 2006, Dawes 2007, Assemat et al 2008,
Bergeon and Knobloch 2008) and three (Blanchflower and Weiss 2002, Mercader et al 2008)
dimensions. Of these the localized structures or convectons arising in binary fluid convection
are perhaps the best studied.

A binary mixture with negative separation ratio heated from below develops a stabilizing
concentration gradient via the (anomalous) Soret effect, resulting in the presence of subcritical
steady convection (figure 1(a)). This subcritical regime favors the presence of convectons.
These come in two types, even and odd, and are present in an interval of Rayleigh numbers
called the pinning region (Pomeau 1986) containing multiple convectons of different lengths
and either parity (Batiste et al 2006). In horizontally unbounded domains these localized
structures appear simultaneously with the (subcritical) primary branch of spatially periodic
steady convection. The resulting convectons are spatially extended at small amplitude, but
become strongly localized when followed numerically to larger amplitude by decreasing the
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Figure 1. (a) Branches of stationary spatially periodic (P7) and stationary spatially localized states

of even (Leyen, dashed line) and odd (Logd, solid line) parity in a I" = 14 periodic domain showing

the normalized convective Nusselt number Nu — 1 =T'~! /fﬁz 9;0(x, z=1)dx as a function of

the Rayleigh number R. The pinning region of the odd convectons is narrower than that of the
even convectons. Both convecton branches terminate together on P7. (b) The same but showing
the branch Pg together with a pair of mixed modes Meyen, Moda Of opposite parity that bifurcate
from Pg above its saddle-node. The conduction state loses stability at a Hopf bifurcation (solid
dot) but only time-independent states are shown.

Rayleigh number. Once their amplitude and length are comparable with the amplitude and
wavelength of steady spatially periodic convection on the upper branch (figure 1(a)) both
convecton branches enter the pinning region and begin to snake back and forth across it
(figure 1(a)) as the convectons grow in length by nucleating additional convection rolls at
both ends. With periodic boundary conditions (PBC) in the horizontal this process continues
until the length of the convecton becomes comparable with the available spatial domain when
the convecton branches turn over towards the saddle-node of the periodic branch and leave
the pinning region (Assemat et al 2008, Bergeon et al 2008, Bergeon and Knobloch 2008).
We show here that this picture changes fundamentally in the presence of physically realistic
(i.e. nonperiodic) lateral boundary conditions.

The snaking behavior shown in figure 1(a) is a consequence of the formation of a
heteroclinic cycle between the conduction state and periodic convection, i.e. a solution profile
that connects the conduction state at x = —oo to the periodic state, with a second connection
from the periodic state back to the conduction state as x — oo. In generic systems, the
formation of this type of orbit is a higher codimension phenomenon but in systems that are
reversible in space the return connection follows from symmetry and the heteroclinic cycle
may become generic or structurally stable. Numerical computations suggest that this is the
case for binary fluid convection: the pinning or snaking interval is filled with heteroclinic
connections between the conduction and periodic states. The two boundaries of this region
correspond to tangencies between the unstable (stable) manifold of the conduction state and
the center-stable (center-unstable) manifold of the periodic state, respectively (Woods and
Champneys 1999, Coullet et al 2000, Beck et al 2009).

In this paper, we study snaking behavior in binary fluid convection in the presence of
both PBC and physically realistic lateral boundaries (Mercader et al 2009) and compare the
two. The Boussinesq equations describing the system are nondimensionalized using the layer
depth as the unit of length and the thermal diffusion time in the vertical as the unit of time,
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and take the dimensionless form (Batiste e al 2006)

w+@-Vyu= — VP +0oR[(1+5)0 — Snlz+oV?u,
0, +u-V)o =w+ V30,
n+ - Vyn =tV2in+ V20,

together with the incompressibility condition V -u = 0. Here u = (u, w) is the velocity field
in (x, z) coordinates, P is the pressure and 6 denotes the departure of the temperature from
its conduction profile, in units of the imposed temperature difference AT. The variable 7 is
defined such that its gradient represents the dimensionless flux of the larger molecular weight
component. Thus n =60 — X, where C =1 —z+ X is the concentration of this component
in units of the concentration difference that develops across the layer via the Soret effect
in response to the imposed AT. The system is specified by four dimensionless parameters:
the Rayleigh number R that provides a dimensionless measure of AT, the separation ratio S
that measures the concentration contribution to the buoyancy force due to the Soret effect,
and the Prandtl and Lewis numbers o and t. The equations are solved in the domain
—I'/2<x<TI/2, 0<z< 1, with boundary conditions u=60 =5n,=0 on z=0, 1, and
either PBC in x with period I, or insulating closed container boundary conditions (ICCBC)
u=6,=n,=0 on x ==£I'/2. The ICCBC used here differ from the CCBC employed
by Mercader et al (2009), which assumed perfectly conducting lateral walls. Throughout we
use the (experimental) parameter values o =7, T =0.01 and S = —0.1. In the following,
we focus on time-independent solutions only, but note that the primary instability of the
conduction state as R increases is a Hopf bifurcation. This bifurcation takes place at R = 1909
and is indicated in figure 1(a) by a solid dot. In small periodic domains, this bifurcation
leads to (typically unstable) branches of traveling and standing waves, but in larger domains
a spatiotemporally chaotic state called dispersive chaos is found for supercritical Rayleigh
numbers and small to moderate values of |S| (Alonso et al 2007); the time-independent
convectons discussed here emerge from this state as described by Batiste ef al (2006).

With PBC the above equations have the symmetry O(2) x Z,, where R, € O(2) acts by
(u(x, z), w(x,z), 0(x,2), nx,2)) > (—u(—x,z), w(—x, z), 0(—x, 2), n(—x, z)) relative
to a suitable origin, and R, € Z; acts by (u(x, z), w(x, z), 6(x, 2), n(x,z)) = (u(x,1—72),
—w(x,1—1z7), —0(x,1—2z), —n(x, 1 —z)); the continuous part of the symmetry O(2) cor-
responds to translations in x. The presence of this symmetry is important, and is responsible,
for example, for the bifurcation of a circle of periodic states from the conduction state at the
primary bifurcation.

When the boundary conditions are changed to ICCBC (or CCBC as in Mercader
et al (2009)) the translation invariance is broken and the symmetry that remains is the
symmetry Z, x Z, ~ D, generated by R, and R.. In this case, we expect solutions that
are invariant under R,, i.e. satisfying (u(x,z), w(x,2), 0(x, 2), n(x,z)) = (—u(—x, 2),
w(—x, z), 0(—x,z), n(—x,z)), as well as solutions that are invariant under R, o R_, i.e.
satisfying (u(x, z), w(x, 2), 0(x, z2), n(x,2)) = —(u(—x, 1 —z), w(—x, 1 —2),0(—x, 1 — 2),
n(—=x,1—2)). In the following, we refer to the former as even and the latter as odd,
in both cases with respect to the line x = 0. These are the only steady solutions that
can bifurcate from the conduction state. Both can be computed by imposing appropriate
symmetries on the solutions. Solutions invariant under R, do not bifurcate at finite Rayleigh
number R.
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Figure 2. (a) An even parity convecton and (b) an even parity hole, both of which bifurcate together
from the same P state (c) at R = 1795. (d) An odd parity convecton and (e) an odd parity hole,
both of which also bifurcate together at R = 1795 but from a different P7 state (f), related to (c)
by translation by A/4. All calculations use a I' = 14 periodic domain. The states are visualized in
terms of contours of constant temperature fluctuation 6 (upper panels) and contours of constant
concentration C (lower panels). Here and elsewhere all solution profiles use the same color table
to indicate the amplitude of the temperature and concentration fields. The average concentration
is C = 1/2 (green color).

2. Periodic boundary conditions

Figure 1(a) shows the result of numerical branch following in a periodic domain of length
I' = 14. The branches of even and odd convectons (labeled Leye, and Lyqq) are shown in
dashed and solid lines, respectively. Both branches terminate together on the branch P; of
stationary periodic states with n =7 pairs of rolls, just below the saddle-node on the latter,
but the pinning region for the odd convectons is noticeably narrower than the corresponding
region for even convectons. This is a consequence of the horizontal pumping of concentration
associated with odd parity convectons (Batiste et al 2006, Mercader et al 2009).

Figure 2(a) shows an even parity convecton at R = 1950, i.e. inside the pinning region.
Other even parity states can be produced from this state by translation by I" /2 and/or reflection
in the horizontal midplane, i.e. by applying the operation R,. Two of the resulting even states
represent convectons located in the center of the domain, while two represent states with a hole
in the center. Of these four states the two states shown in figures 2(a) and (b) possess upflows
at the same location as the periodic state P7, with wavelength A = I"/7, shown in figure 2(c).
Thus these three states are phase matched and this is the reason why the states in figures 2(a)
and (b), shown at R = 1950, bifurcate together from the state in figure 2(c) at R = 1795. The
remaining two even parity states are phase matched with a A /2 translate of the periodic state,
and hence also bifurcate together. Since these two even parity periodic states are related by
translation this bifurcation also takes place at R = 1795. For the odd parity states the same
construction leads to four odd parity states. Of these the two shown in figures 2(d) and (e),
for R = 1919, are phase matched with the odd parity periodic state shown in figure 2(f).
Consequently these two states also bifurcate together, and since the state in figure 2(f) is
related to the state in figure 2(c) by translation by /4 this bifurcation also takes place at
R =1795. The same argument shows, finally, that the remaining two odd states bifurcate
together from the 3X/4 translate of the state shown in figure 2(c), and do so at R = 1795
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Figure 3. (a)-(c) Even parity convectons at successive saddle-nodes on the Leye, branch. States
(a) and (c) are on the right of the pinning region, while (b) is on the left. (d)—(f) Odd parity
convectons at successive saddle-nodes on the Logq branch. States (d) and (f) are on the right of
the pinning region, whereas (e) is on the left. The states on the right side of the pinning region
are characterized by strong vortices at either end of the structure and hence strong entrainment;
those on the left side of the pinning region have weak vortices in the front regions, and very
little concentration is entrained. Thus, the convectons on the left side of the pinning region are
characterized by homogenized concentration that is equal to the average concentration.

as well. This completes the discussion of the termination of the snaking branches of even
and odd convectons. Note that from this perspective there are in fact eight snaking branches,
four corresponding to snaking convectons and four to snaking holes, although there are only
two distinct snaking branches in bifurcation diagrams such as that shown in figure 1(a). If
we identify symmetry-related branches the secondary bifurcation in figure 1(a) is a pitchfork
from a group orbit of periodic states, despite the fact that the odd and even parity branches are
unrelated by symmetry. This is a consequence of weak spatial resonance between the periodic
state and the bifurcating state (here a 1 : 7 resonance) (Prat et al 1998, Bergeon et al 2008).

We remark that in figure 2(a) the vortices at either end of the convecton entrain lighter
fluid from above while the hole is embedded between vortices that entrain heavier fluid from
below (figure 2(b)). In contrast, in the odd parity convecton shown in figure 2(d) the vortices
at the two ends of the convecton rotate in the same sense (counterclockwise). As a result the
vortex at the right entrains heavier fluid from the bottom while that at the left entrains lighter
fluid from the top, setting up a visible mean concentration gradient across the convecton. The
situation is reversed for the hole state (figure 2(e)).

Figure 3 shows even and odd convectons at successive saddle-nodes on Leye, and Logq,
respectively. The figure reveals that the end vortices repeatedly change direction as one
proceeds from saddle-node to saddle-node along the right boundary of the pinning region,
as additional vortices are nucleated pairwise at the edges of each convecton. As a result the
convectons at the right boundary are characterized by strong entrainment of concentration,
leading either to a change in the mean concentration within the convecton (even parity
convectons) or a concentration gradient within the convecton (odd parity convectons). In
contrast, the saddle-nodes along the left boundary correspond to transitions between these
states, and for these the end vortices are very weak, with almost no entrainment taking place
(figure 3).
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Figure 4. (a) An even parity mixed mode Meyen. (b) The phase-matched even parity representative
of the Pg state. (¢) An odd parity mixed mode Myqq. (d) The phase-matched odd parity
representative of the Pg state. Hole states are omitted. All solutions are computed at R =2100
in a I' = 14 periodic domain.

c

In figure 1(b) we show the Pg branch when I' = 14. This branch consists of six pairs
of rolls within the period I', and behaves in much the same way as branch P; (figure 1(a)).
This branch also exhibits a secondary bifurcation to opposite parity states. This time these
correspond to mixed modes. These resemble the periodic state but have a defect somewhere
within the wavetrain, which we may choose to place on the boundary of the periodic domain
or in the center in order to construct states with well-defined parity relative to x = 0. This
secondary bifurcation is also of Eckhaus-type (Bergeon et al 2008) and so has the same
properties as the bifurcation terminating the snaking branches already discussed. Thus, there
are eight branches, four of even parity states and four of odd parity states, and these bifurcate
pairwise from phase-matched representatives from the Pg branch. Figure 4(a) shows an even
parity state with defects at the domain boundary, whereas figure 4(b) shows the phase-matched
even parity periodic Pg state at the same value of the Rayleigh number R. Figure 4(c) shows
an odd parity defect state at the same R, while figure 4(d) shows the phase-matched odd parity
periodic Pg state, also at this R. However, this time instead of snaking the bifurcating branches
all extend monotonically to large amplitude. That this is so should not come as a surprise. As
explained by Bergeon et al (2008) there are in general only two distinct snaking branches (of
single pulse states), and these are typically associated with the primary pattern branch only.

The corresponding results for I' = 13 are shown in figures 5(a) and (b). This time the
bifurcation diagrams are completely different. The odd convectons still terminate on P; while
the even convectons now terminate on Pg. This possibility, predicted recently in the context
of the Swift-Hohenberg equation (Bergeon er al 2008, Dawes 2009), has also been seen
in natural doubly diffusive convection (Bergeon et al 2008). Our discussion of secondary
bifurcations on the P; and Pg¢ branches applies exactly as before, and indicates that each
bifurcation produces eight states, four with even parity and four with odd parity. This time,
however, the odd parity states bifurcating from P; snake, while the even states do not, and
vice versa for the Pg branch. Once again only two branches snake while the remaining ones
correspond to mixed modes. At large amplitude these resemble the mixed modes shown in
figures 4(a) and (c). Note that despite terminating on a different branch the pinning region for
odd convectons remains substantially narrower than that for even convectons.

3. Closed container boundary conditions

Figures 6(a) and (b) show the corresponding results in a I' = 14 domain when ICCBC are
imposed at x = £I'/2 and compare the results with those of the corresponding PBC case. As
discussed by Mercader et al (2009) the traditional snaking diagram is greatly perturbed by this
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Figure 5. Branches of spatially periodic states Ps and P; together with branches of spatially
localized states of odd (Logq) parity and even (Leyen) parity in a I' = 13 periodic domain showing
the convective Nusselt number Nu — 1 as a function of the Rayleigh number R. (a) The odd
convectons (Logq) terminate on P; together with a monotonic branch of even mixed modes (Meyen )-
(b) The even convectons (Leyen) terminate on Py together with a monotonic branch of odd mixed
modes (Moqq)-
0.16 | (@ 0.16 ®)
0.12 0.12
0.08 } 5 008
=
0.04 | 0.04
n n n n 1 1 0 n n n n 1 I
1800 1850 1900 1950 2000 2050 2100 1800 1850 1900 1950 2000 2050 2100
Rayleigh number Rayleigh number

Figure 6. Comparison of the bifurcation diagrams in a I' = 14 domain with PBC and ICCBC. (a)
Even parity localized states; the two branches coincide until the domain is almost filled. (b) Odd
parity localized states; the two branches differ throughout as a consequence of the suppression of
horizontal pumping by odd convectons in the presence of ICCBC.

type of boundary condition. Instead of coexistence between snaking and periodic branches the
snaking branches now turn continuously into large amplitude states that take the place of the
competing periodic states and resemble the mixed mode states computed using PBC. This is
so for both even (figure 6(a)) and odd (figure 6(b)) parity states. Localized states computed
with ICCBC at successive saddle-nodes are shown in figure 7. In addition the ICCBC increase
substantially the width of the pinning region for the odd parity state and hence exert an effect
on odd parity convectons even when the convectons are localized well away from the walls.
Indeed the width of the pinning region of the odd parity states is now identical to that of the
even parity states.

Figure 6(a) shows that until the domain fills with convection the even parity convecton
branches with ICCBC and PBC track one another very closely, indicating that the pinning of
the fronts to the structured state between them that is responsible for the snaking behavior of
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Figure 7. (a)—(c) Even parity convectons with ICCBC in a I' = 14 container at successive saddle-
nodes on the Leye, branch. States (a) and (c) are on the right of the pinning region, while (b) is
on the left. (d)—(f) Odd parity convectons with ICCBC in a I' = 14 container at successive saddle-
nodes on the Lygq branch. States (d) and (f) are on the right of the pinning region, while (e) is on
the left. The states on the right of the pinning region are characterized by strong vortices at either
end of the structure and hence strong entrainment; those on the left of the pinning region have
weak vortices in the front regions, and very little concentration is entrained.

the convecton branches, is unaffected by the lateral walls whenever the convecton has even
parity. Figure 6(b) shows that this is not the case for odd parity convectons, suggesting that
the horizontal pumping of concentration by odd parity convectons is responsible (Mercader
et al 2009). However, the snaking behavior with ICCBC still resembles the PBC case
qualitatively, and indeed the left boundaries of the two pinning regions coincide (see below).

As explained by Mercader et al (2009) odd parity convectons in the presence of closed
container boundary conditions should be thought of as being one half of a two-convecton state
filling a domain of length 2I" obtained by reflecting the odd convecton in x = £I"/2. Such a
reflection yields exact solutions in the case of periodic or Neumann boundary conditions and
results in a state in which the pumping effects of oppositely oriented odd convectons cancel
out, producing a more or less spatially uniform concentration (and temperature) in the void
region between them (figures 7(d) and (f)), and eliminating the mean concentration gradient
present in odd convectons computed with PBC (figures 3(d) and (f)). The concentration level
on either side of the convecton depends on whether the convectons pump toward one another
or away from one another, and in a domain of period 2I" the resulting concentration jump
balances the pumping action of the individual convectons. It is for this reason that the two-
convecton state with equidistant convectons matches, at least approximately, the solutions
found here with insulating no-slip boundary conditions at x = +I"/2.

To confirm this scenario we examine the flux balance in the fore and aft regions of the
odd parity convecton shown in figure 7(d). We denote the midplane concentration to the left
of the convecton by C~ and to the right by C*; the mean midplane concentration inside the
convecton is C. We suppose that the convecton pumps concentration from right to left with
flux F. Then flux balance at the left front of the convecton, required for the existence of
a steady state, leads to the estimate F' ~ 7(C~ — C )/8, while that at the right front leads to
F~rt (C‘ — C*)/8. Here § is the width of the front region, assumed to be the same fore and aft;
since the midplane temperature is nearly uniform across the domain no Soret terms appear.

8
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Figure 8. Comparison of (a) odd convecton branches and (b) even convecton branches in I" = 13
and I' = 14 domains with ICCBC. The branches coincide until the domain is almost full.

It follows that C &~ (C*+C~)/2, a conclusion that agrees very well with the computations
shown in figures 7(d) and (f). The same argument applied to odd or even convectons at
a left saddle-node leads to the prediction C~ = C = C* since F =0 (no entrainment by
end vortices). This is so for both PBC (figure 3) and ICCBC (figure 7) since the boundary
conditions exert little influence when F =0, in agreement with the computations reported
in figures 3(b) and (e) and 7(b) and (e). This prediction explains, moreover, why the left
boundary of the pinning region for odd convectons is unaffected by the boundary conditions
(figure 6(b))—and hence coincides with the left boundary of the even convecton snaking
region—while the right boundary is affected dramatically. Finally, the above argument also
explains the depletion of the concentration outside the even convecton in figure 7(a) and its
enhancement outside the even convecton in figure 7(c).

Figure 8 compares the results for both odd and even convectons in ' =13 and " = 14
domains with ICCBC. Both odd convecton branches and both even convecton branches track
each other until the domain is almost full and its precise length begins to be felt. The fact that
odd convectons in a I' = 13 domain behave like even convectons in a I' = 14 domain and vice
versa is a consequence of the fact that the wavelength of the periodic state is A =~ 2. Thus with
ICCBC the width of the snaking regions is independent of both parity and domain length, in
contrast to the PBC case.

4. Summary

The dramatic change from the bifurcation diagram in figure 1(a) to that in figures 6(a) and (b)
is a consequence of changing the boundary conditions from PBC to ICCBC and is reproduced
by the Swift—-Hohenberg equation with non-Neumann boundary conditions (Houghton and
Knobloch 2009, Kozyreff er al 2009). In both systems the behavior observed in figures 6(a)
and (b) arises as a consequence of the destruction of the spatially periodic state by the
boundary conditions appropriate for closed containers. In both systems the remaining mixed
modes take over the role of the large amplitude periodic state, and the snaking branches
gradually turn into the mixed modes with increasing amplitude. This behavior, referred to
by Mercader et al (2009) as snaking without bistability, is robust with respect to changes in I".
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