














Increasing Re to 4.0�104 results in a very different type
of three-dimensional flow. It has a number of prominent fea-
tures, as illustrated in Fig. 12. From the 
 and �
−
0� con-
tours near the sidewall, we find that the three-dimensional
instability components are of magnitude comparable to the
axisymmetric component of the flow. Different instability ac-
tivities are located in regions where the LC1 and LC2 axi-
symmetric rolls were active. Note that this solution was com-
puted for �Re,Ro� values where in the axisymmetric
subspace only LC2 is stable �i.e., in the region between the
Hopf curve H2 and the Neimark–Sacker curve NS2�. At
about midheight in the sidewall layer, the perturbation azi-
muthal vorticity is organized into rolls with a forward tilt that
precess prograde with the sidewall at a rate considerably
faster than the rotation of the sidewall, about five times
faster. This is consistent with the experimental observations
of Hart and Kittelman.7 Lower in the sidewall boundary
layer there is also another group of forward tilted rolls, but
these are less coherently organized and have some features
more in common with the wavy turbulent state reported in
the experiments toward the end of the ramp in Ro. Together
with the various forward tilted roll structures, which are pre-
dominantly present very close to the sidewall, we see from
the isosurface rendering of the flow that in the outer bound-
ary layer there are also a number of backward tilted struc-
tures that appear to erupt from within the inner layer; their
“footprints” near the sidewall are seen to periodically
breakup the otherwise coherent forward tilted rolls. Finally,
very close to the top corner �r=z=1�, there is a very local-
ized series of small structures with azimuthal wavenumber
m=13. From animations, we find that all of these structures
are co-precessing with the dominant forward tilted rolls, and
that there are slow modulations in the spatial structures,
which, as in the lower Re cases, could be partially due to
transient effects, or even to interactions with the inertial
waves in the interior.

Further increasing Re to 5.0�104 �see Fig. 13�, the flow
state is qualitatively the same as at Re=4.0�104, but the
backward tilted structures erupting from the deep inner
boundary layer are much more intense and their interactions
with the previously coherent forward tilted rolls have now
rendered these much less coherent. The isosurface rendering
has much in common visually with the Kalliroscope image
of the wavy turbulent state in the experiment �see Fig. 2�d� in
Ref. 7�.

Reducing Ro to 0.45 so that we are in the region be-
tween H1 and NS1 where in the axisymmetric subspace
only LC1 is stable does not alter the qualitative nature of
the three-dimensional solution �see Fig. 14�. The solution at

(a) (b) (c)

FIG. 12. �Color online� Snapshots of azimuthal vorticity 
 for the state at
Re=4.0�104 and Ro=0.50: contours in a partial plane �r ,z�� �0.8,1.0�
� �0.0,1.0� for �a� 
� �−2.0,2.0� and �b� �
−
0�� �−2.0,2.0�, where posi-
tive levels are red �light�, negative levels are blue �dark�, and zero is white,
and �c� isosurfaces of �
−
0�, the red �dark� isosurfaces are at level 1.0 and
the yellow �light� isosurfaces are at level �1.0 �enhanced online� �URL:
http://dx.doi.org/10.1063/1.3517292.8� �URL: http://dx.doi.org/10.1063/
1.3517292.9� �URL: http://dx.doi.org/10.1063/1.3517292.10�.
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FIG. 13. �Color online� Snapshots of azimuthal vorticity 
 for the state at
Re=5.0�104 and Ro=0.50: contours in a partial plane �r ,z�� �0.8,1.0�
� �0.0,1.0� for �a� 
� �−4.0,4.0� and �b� �
−
0�� �−4.0,4.0�, where posi-
tive levels are red �light�, negative levels are blue �dark�, and zero is white,
and �c� isosurfaces of �
−
0�, the red �dark� isosurfaces are at level 1.0 and
the yellow �light� isosurfaces are at level �1.0 �enhanced online� �URL:
http://dx.doi.org/10.1063/1.3517292.11� �URL: http://dx.doi.org/10.1063/
1.3517292.12� �URL: http://dx.doi.org/10.1063/1.3517292.13�.
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FIG. 14. �Color online� Snapshots of azimuthal vorticity 
 for the state at
Re=5.0�104 and Ro=0.45: contours in a partial plane �r ,z�� �0.8,1.0�
� �0.0,1.0� for �a� 
� �−2.0,2.0� and �b� �
−
0�� �−2.0,2.0�, where posi-
tive levels are red �light�, negative levels are blue �dark�, and zero is white,
and �c� isosurfaces of �
−
0�, the red �dark� isosurfaces are at level 1.0 and
the yellow �light� isosurfaces are at level �1.0 �enhanced online� �URL:
http://dx.doi.org/10.1063/1.3517292.14� �URL: http://dx.doi.org/10.1063/
1.3517292.15� �URL: http://dx.doi.org/10.1063/1.3517292.16�.
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�Ro,Re�= �0.45,5.0�104� is very similar to that at
�Ro,Re�= �0.50,4.0�104�.

VI. DISCUSSION AND PERSPECTIVES

We have provided a comprehensive description of the
basic state that is driven in a rapidly rotating cylinder by the
differential corotation of the top lid. Particular attention has
been given to the structure of the resulting sidewall boundary
layer and its instabilities. As a consequence, we have re-
solved the apparent discrepancy between the experimentally
observed7 axisymmetric rolls �LC1�, which form in the upper
part of the sidewall boundary layer, and the numerically
observed10 axisymmetric rolls �LC2�, which form near the
bottom half of the layer. By conducting an extensive study in
the �Re,Ro� parameter space, we have shown that there are
two distinct axisymmetric Hopf bifurcations, each leading to
one or the other of the axisymmetric roll states. The experi-
ments were restricted by mechanical constraints on the mo-
tor, providing the basic rotation to Re values above those
where the numerically observed rolls are the primary axi-
symmetric mode bifurcating from the basic state, while the
earlier numerical study used smaller Re below where the
experimentally observed rolls are the primary axisymmetric
mode. We have located in this study the double Hopf bifur-
cation point, at �Ro,Re�= �0.482,4.25�104�, which orga-
nizes the competition between LC1 and LC2 and have shown
that it spawns a quasiperiodic mixed mode QP, and that
further from the double Hopf point, the dynamics in the axi-
symmetric subspace is also complicated. The fast back-
ground rotation �large Re� not only leads to very thin bound-
ary layers but it also allows for sustained inertial waves in
the interior away from the viscous boundary layers. The two
viscous sidewall modes, LC1 and LC2, have a very different
behavior with regard to the inertial waves. The frequency
associated with the roll propagation in LC1 �high Re rolls� is
too large to generate inertial waves, whereas the frequency of
LC2 does generate inertial waves, and the angle of propaga-
tion of these waves with respect to the rotation axis is as
expected from the classical inviscid theory. The mixed mode,
QP, and other more temporally erratic states, ET, also con-
tain frequencies that generate inertial waves, but due to the
nonperiodic nature of these states, the resultant inertial
waves are rather irregular.

The fully three-dimensional simulations, however, indi-
cate that the axisymmetric instability modes are not robust
and that when the basic state becomes unstable, the nonlin-
early saturated flow is three dimensional. We have found that
near but below the axisymmetric Hopf bifurcations, in the
�Re,Ro� parameter space, the sidewall instability consists of
backward tilted diagonal rolls that precess slightly retrograde
with respect to the sidewall rotation. These have high azi-
muthal wavenumbers �m	50–70�, which vary with Re and
perhaps to a lesser degree with Ro. As either Re or Ro are
increased, the sidewall layer becomes unstable to more in-
tense forward tilted diagonal rolls that precess prograde at
about five times the sidewall rotation rate. This state also
includes backward tilted structures that erupt from deep
within the sidewall layer out to interior bulk rotating flow.

Nonlinear interactions between these various boundary layer
instability structures and possibly with inertial waves in the
interior result in a rather complex spatiotemporal dynamics.
Each of these states has been observed in the experiments of
Hart and Kittelmann7 as Ro is slowly ramped.

Inertial waves in this problem are excited by the bound-
ary layer instabilities; this is in sharp contrast to the typical
study of inertial waves in rapidly rotating systems where
they are excited in a controlled fashion by external forcing.
For example, McEwan30 forced them by having the top end-
wall of a rapidly rotating cylinder slightly inclined away
from normal to the rotation axis as well as having a slight
misalignment between the rotation axis and the axis of the
cylinder. Fultz31 excited them via axial oscillations of a small
disk at the center of the rotating cylinder. Manasseh,32–34

Kobine,35,36 and Meunier et al.37,38 also forced them via pre-
cession, i.e., misalignment between the rotation axis and the
axis of the cylinder. Similar inertial waves have also been
generated by forced deformations of the cylinder �squeezing
it between two or three external rollers�.39,40 Inertial waves
generated by an instability of the Ekman layer in a precess-
ing spheroid have also been observed numerically.41

Phillips42 has a theory to suggest that there is transfer of
energy between different wavenumbers following reflections
from boundaries, and that for general irregular boundaries,
repeated reflections can be expected to result in a statistical
radiative equilibrium over the high wavenumbers, leading to
a random field of inertial waves that could be regarded as a
limiting condition of turbulence in a rapidly rotating fluid. In
our problem, the cylinder walls are regular; however, the
viscous boundary layer instabilities in some sense provide
the irregular reflections for the inertial waves, leading to the
type of turbulence envisioned by Phillips. The three-
dimensional computed states reported on here have a strong
resemblance to the wavy turbulent state in the experiments of
Hart and Kittelman.7 Further systematic investigations of the
interaction between inertial waves in confined rapidly rotat-
ing flows and viscous boundary layer modes are needed; the
good correspondence between our simulations and the ex-
perimental visualizations indicates that such investigations
are now becoming computationally feasible.
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