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Imperfect gluing bifurcation in a temporal glide-reflection symmetric
Taylor—Couette flow
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The unfolding due to imperfections of a gluing bifurcation occurring in a periodically forced
Taylor—Couette system is numerically analyzed. In the absence of imperfections, a temporal
glide-reflectionZ, symmetry exists, and two global bifurcations occur within a small parameter
region: a heteroclinic bifurcation between two saddle two-tori and a gluing bifurcation of three-tori.
Due to the presence of imperfections, these two global bifurcations collide, strongly reducing the
range of validity of the generic unfolding of the gluing bifurcation. 2002 American Institute of
Physics. [DOI: 10.1063/1.1476915

Global bifurcations play a key role as organizing centersquantify, and is expected to be high-dimensional. Neverthe-
in fluid dynamics, especially where multiple states coexistless, the abstract dynamical systems theory is not concerned
Their systematic study has generally been limited to theoretwith the precise details of the imperfection, a measure of its
ical analysis of normal forms and other low-dimensional ca-magnitude suffices. Recently, we have also found a gluing
nonical models, and to experimental investigations. A classifurcation in computed solutions of a temporally forced
of global bifurcations that has been receiving much attentiorTaylor—Couette system with aspect ratio*f0The temporal
of late is the gluing bifurcatioh>> This is a global bifurca- forcing aids in the analysis of the problem in that the
tion where two symmetrically related time-periodic states si-spatial reflection symmetry of the unforced system is re-
multaneously become homoclinic to dnnstablg¢ saddle placed by a spatio-temporal glide reflection symmetry which
state and result in a single symmetric time-periodic state, asan be broken in a very controlled and simple manner, i.e.,
a parameter is varied. by adding a small multiple of the first temporal harmonic of

In this Letter, we explore the unfolding, due to imperfectthe forcing, this multiple being the small imperfection pa-
symmetry, of a gluing bifurcation in a system wih sym-  rameter. Analysis of the experimental restftindicate that
metry generated by a space-time gliding symmetry, i.e., @ahe dynamics associated with the gluing bifurcation are tak-
half period time translation plus a space reflection. This syming place in an axisymmetrifSO(2) invariani subspace,
metry has received much attention of I&teand it is becom-  even though the observations of these dynamics are from
ing more and more apparent that even systems that do neblutions with brokerSQ(2) symmetry. Our computational
have this symmetryin a nontrivial way in their basic state, investigation allows us to trivially isolate the gluing bifurca-
have states invariant to it after some local bifurcations haveion from anySQ(2) symmetry breaking related dynamics
occurred. Many periodically forced systems hau&,apace- by simply restricting the computations to the axisymmetric
time symmetry; systems with a space-reflection symmetrgubspace. Furthermore, with accurate numerics, we are able
which bifurcate to a traveling wave also exhibit this symme-to take into account the precise details of fhesymmetry
try (e.g., the von Karman wake behind a cylinder, Taylor—breaking and give quantitative measures of the invariant ho-
Couette flow, and Rayleigh—-Bard convection The pres- moclinic curves in the two parameter bifurcation diagram, as
ence of a temporal glide-reflection symmetry strongly affectsyell as estimates of the saddle index and the extent in pa-
the dynamics of the system. It may inhibit some bifurcationsyameter spacéincluding the symmetry-breaking parameter
typically period doublind’; and in many cases rich dynamics over which the gluing dynamics are robust. This level of
associated with homoclinic/heteroclinic behavior is present.contact with the abstract dynamical systems theory is pos-

Recent experimental investigations of Taylor—Couettesible due to the control that the numerics allows. What is also
flow in annuli with height-to-gap ratios of order 10 have unique and novel to our study is that in our problem, there
identified the presence of an imperfect gluing bifurcafidn. are two global bifurcations occurring within a small param-
The imperfection in the physical experiment is difficult to eter region, a heteroclinic bifurcation between two saddle

two-tori leading to the birth of a symmetric three-torus that

dAuthor to whom correspondence should be addressed. Telephts®: undergoes the gluing bifurcation giving two branches of
965-8843; fax:(480) 965-0461; electronic mail: lopez@math.asu.edu symmetrically related three-tori. The symmetry breaking im-
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FIG. 1. Bifurcation diagram for the unfolding of the gluing bifurcation. U

. . . . FIG. 2. Schematic of the flow configuration.
perfection provides a strong interaction between these two 9

global bifurcations, altering the canonical unfolding of the
gluing bifurcation.

A classification of the possible gluing bifurcation sce- the annular gap between the cylinderslisr,—r; (see Fig.
narios was obtained and analyzed in Refs. 10-12, and a r@). These parameters are combined to give the following
cent discussion of the unfolding due to imperfections is prenondimensional governing parameters: the radius ratio
sented in Ref. 13. The unfolding of the bifurcation is =r;/r,, the length to gap raticdA=L/d, the Couette flow
described by two parameterg, (related to the Reynolds Reynolds numbeRi=dr;();/v, the axial Reynolds number
number in our problefande, the imperfection parameter. A Ra=dW/», and the nondimensional forcing frequeney
schematic of the bifurcation diagram is displayed in Fig. 1.=d?Q;/v, wherev is the kinematic viscosity of the fluid.
The horizontal axis §=0) corresponds to perfe@, sym-  The basic flow is time-periodic with periotk=2#/w; and
metry; for u<0 a symmetric limit cycle labeled 10 collides synchronous with the forcing, and it is independent of the
with the saddle aj.=0, forming a homoclinic curve with azimuthal coordinate.
two closed loops, and for>0 splits into two asymmetric The incompressible Navier—Stokes equations governing
limit cycles, labeled 0 and 1 which are related by the sym-this problem are invariant to two symmetry groups. One cor-
metry. Fore+0, the gluing bifurcation splits into two sepa- responds to rotations around the common axis of the cylin-
rate single loop homoclinic bifurcations, corresponding toders,SO(2). The other, a temporal glide-reflectio,, is
the solid straight lines in Fig. 1. These lines delimit four generated by the discrete symme®ynvolving time and the
regions. Two of them are extensions of the symmetric casegxial coordinate; it is a reflection about the midplane or-
and contain the single limit cycle 10 or the two limit cycles thogonal to the axis with a simultaneous time translation of a
1 and 0 which are no longer symmetrically related. In thehalf forcing period, satisfying?=1. In this study we solve
two additional regions only one limit cycle exists, 1 and 0,the system in an axisymmetric subspace invariar8 @2),
respectively. There exist two additional cusp-shaped regiongnd therefore the only relevant symmetry grouZjs The
where two limit cycles coexist, 1 and 10, and 0 and 10,symmetriesSQ(2) andZ, for this problem commute.
respectively. The three limit cycld®,1,10 involved in the The temporal glide reflection produces a convoluted bi-
gluing bifurcation in the symmetric case give rise to threefurcation scenario in this flow, comprising of a gluing of
branches of limit cycles that disappear in generic homoclinichree-tori (I®) and homoclinic and heteroclinic dynamit$.
bifurcations(collision of the limit cycle with a sadd)evhen  This gluing bifurcation is the organizing center of the dy-
e+ 0, corresponding to the solid lines in Fig. 1. The dottednamics and is responsible for spontaneous symmetry break-
line in the figure corresponds to a typical path in the presencing in this problem.
of a fixed imperfection £+ 0). We consider an imperfection of the harmonic character

Other gluing bifurcation scenarios are possible; thesef the oscillation of the inner cylinder. It is very difficult to
were obtained and analyzed in Refs. 10—12. They differ irobtain a pure harmonic oscillation in an experiment, and
the size of and the dynamics in the cusp regions. Above wevith any deviation from harmonicitys ceases to be a sym-
described the simplest scenario that happens to correspondrmetry of the system. The nonharmonic axial oscillations
our problem. This same scenario has been recently observédve the formW(sinQt+esin 2);t), wheree is a measure
experimentally in a similar unforced Taylor—Couette ffow. of the imperfection.

The model problem we consider is the flow between two  The axisymmetric Navier—Stokes equations have been
coaxial finite cylinders with stationary top and bottom end-solved with the spectral scheme described in Ref. 4. By vary-
walls. The outer cylinder is also stationary while the innering only Ri and e and keeping all other parameters fixed
cylinder rotates at constant angular velodityand oscillates (A =10, e=0.905, Ra=80, w;=30), we located a range
in the axial direction with velocityV sin Qqt. Its radius is;, (Rie[280.89,281.2p for e=0) where stablél® solutions
the radius of the outer cylinder i3,, and their length ig; exist. The identification of such solutions was significantly
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FIG. 4. Schematic of the bifurcation sequence for THesolutions. In this
schematic? are represented as fixed points dfitlas cycles.
500 t
2000 X102 and N =1.047< 10 % For e# =0, the Ty g—
gluing bifurcation splits into three distinct homoclinic bifur-
cations as shown in Fig. 3. Note that the rang&inwhere
1500 | the 1 and 10I® branches coexidi.e., the width of the cusp
region in Fig. 1 is very narrow for the imperfections con-
Tur sidered and so the two distinct homoclinic bifurcations ap-
1000 | pear to coincide on the scale qf the_grap_hics in Fig. 3. Spe-
cifically, for e=10"° the width in Ri of the cusp
coexistence region is 5.4410 ° and fore=3x10"% it is
500 | 2.40< 10" % This behavior agrees with the unfolding of a
gluing bifurcation, depicted in Fig. 1. The periods of ff&
follow the same asymptotic logarithmic expression asefor
=0, showing that thél® for e#0 disappear in a collision

0 ‘ . .
280.58 280.9¢ . 281 281.06 with a saddl€l? (a generic homoclinic bifurcation
Figure 4 illustrates schematically the sequence of bifur-
FIG. 3. Variation of T\ =27/ wy W?th Ri for € as ind.ica'ted. Symbols cations on thel® branches:’JI“3 are depicted as limit cycles
correspond to computed cases and lines are logarithmic fits. 2 . . . .
and T< as fixed points. This analogy works since the two
suppressed frequencies; and wg, are almost constargin
fact, w; is constant over the range oRi and e of interest,
helped by the use of a global Poincarap for the system and they do not play an essential role in the dynamics near
(i.e., strobing at the forcing frequenay;). The three tori the bifurcation points. The first column in the figure corre-
solutions have three incommensurate frequencies: the forsponds to th&,-symmetric cased=0), reported in Refs. 3
ing frequencyw=30, a second frequency at~5.2, anda and 4. The infinite-period bifurcation &iy, corresponds to
very low frequencywy, r which is three orders of magnitude a heteroclinic loop connecting two saddlé that are related
smaller thanws. to each other via the temporal glide-reflection symmetry. The
Over the range oRi and e where T® solutions exist, T® that emerges for higheRi values(labeled 10 is invari-
Tyr= 2/ vy experiences dramatic changes, as shown irant, and undergoes a gluing bifurcatiorRag, . For largerRi
Fig. 3 for e=0. This figure indicates that there are tiRd  values two asymmetrid¢® exist, 1 and 0. Thes&® solutions
values wherd',,  becomes unbounded. The solid curves arebecome unstable beyon®i=281.26, and the system
best fits of the formT, r~\ " *In(1/|Ri—Rig|)+a, the evolves towards &2 branch described in Refs. 3 and 4. The
asymptotic behavior of the period close to a homoclinicsecond column in Fig. 4 is a schematic of the imperfect (
connection:* The logarithmic fits give the criticaRi for the ~ =0) case. Both the gluing and the heteroclinic bifurcations
two infinite-period bifurcations at=0, Ri,,=280.88736 become standard homoclinic bifurcations, and we have three
andRig =281.00885. The factors are the eigenvalues cor- different branchesl0, 0, 1 that overlap for different values
responding to the unstable direction of the hyperbolic fixedof Ri in agreement with the theoretical description in Fig. 1.
points (saddle T2). The values obtained ar&,.=2.43 The equations of the straight lines and the cusp curve in this
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figure can be obtained from the numerical simulations. Asal dynamics interacting with the imperfect gluing bifurca-
a result we have accurately obtained the location of the glution is that the theoretical picture of the unfolding is com-
ing bifurcation, Ry =281.01, the unstable eigenvalue of pletely changed. So, in an experiment with even extremely
the saddle at the gluing poinh;=1.047<10 2 and the small levels of imperfection, complex spatio-temporal dy-
saddle indexthe ratio between the real part of the leadingnamics can be present that are not obviously associated with
negative eigenvalue and the positive eigenvalug), the underlying gluing bifurcatiofe.g., in our example prob-
5=—Real(\,)/\;=1.083>1. lem for e=10"* there is only one branch of2, the 1

For e sufficiently small, our numerical simulations pro- branch, that is not symmetric and does not undergo any ho-
duce dynamics precisely in accord with the dynamical sysmoclinic bifurcation at thise), and their origin would be
tems theory for the unfolding of a gluing bifurcation: three difficult to reconcile.
different branches of*® exist, and they appear in homoclinic
bifurcations close to the gluing point. But, for our particular ACKNOWLEDGMENTS
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